MOISHEZON TWISTOR SPACES ON 4CP^ 



NOBUHIRO HONDA 

Abstract. In this paper we classify all Moishezon twistor spaces on 4CP^. The classifi- 
cation is given in terms of the structure of the anticanonical system of the twistor spaces. 
We show that the anticanonical map satisfies one of the following three properties: (a) bi- 
rational over the image, (b) two to one over the image, or (c) the image is two-dimensional. 
We determine structure of the images for each case in explicit forms. Then we intensively 
investigate structure of the twistor spaces in the case (b), and determine the defining 
equation of the branch divisor of the anticanonical map. 
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1. Introduction 

According to Taubes' theorem [27] there exist a huge number of compact oriented 4- 
manifolds which admit a self-dual conformal structure. Associated to any self-dual structure 
is a 3-dimensional complex manifold of a special kind, which is so called the twistor space, 
but by a theorem of Hitchin [7] a compact twistor space does not admit a Kahler metric 
except two standard examples. Also, by a theorem of Campana [2j, a compact twistor space 
can be Moishezon only when the 4- manifold is S'^ or nCP^, the connected sum of n copies 
of complex projective planes. By Kuiper [T7], the standard metric on is the unique 
self-dual structure on S"^. Similarly, by Poon [22], the Fubini-Study metric on is the 
unique self-dual structure on CP^ whose twistor space is Moishezon (or, whose self-dual 
structure is of positive scalar curvature). On 2CP^, in the same paper, Poon constructed 
a family of Moishezon twistor spaces parametrized by an open interval in M, and showed 
that these are all Moishezon twistor spaces on 2CP^. Thus the classification of Moishezon 
twistor spaces is completely over up to 2CP^. 

For the case of 3CP^ , by the works of Poon [2jj and Kreussler-Kurke [16] a classification 
was given by means of the complete linear system where K~^/'^ is the natural square 

root of the anticanonical line bundle, which is available on any twistor space. Namely 
Moishezon twistor spaces on 3CP^ can be classified into two types according to whether 
is base point free or not; if free, the associated map is a degree two morphism onto 
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CP^ and the branch divisor is a quartic surface, whereas if not free, the image of the rational 
map is a non-singular quadric in CP^, and the twistor space has to be a LeBrun twistor 
space constructed in [18] whose structure is also well understood. 

For the case of nCP^, n being arbitrary, while a lot of Moishezon twistor spaces are 
already known, their classification seems still difficult. In the first half of this paper (namely 
in Sections [2] and [3]) we provide a classification in the case of 4CP^ by means of the 
anticanonical system of the twistor spaces. Because the most important Chern number cf 
of a twistor space on nCP^ is given by 16(4 — n), the case of 4CP^ is of particular interest. 
We also note that on 4CP^, the system |A'^^/^| is not enough for analyzing structure of 
twistor spaces, since in most cases the system is just a pencil. A simplified version of our 
classification may be presented as follows: 

Theorem 1.1. Let Z be a Moishezon twistor space on 4CP^ and $ the anticanonical map 
of Z. Then exactly one of the following three situations occurs: 

(a) ^ is birational over the image, 

(b) ^ is (rationally) two to one over a scroll of 2-planes over a conic (and hence the 
scroll is in CP^ and the branch divisor is an intersection of the scroll with a quartic 
hyper surf ace in CP^, 

(c) the image ^{Z) is 2- dimensional, and general fibers of $ are non-singular rational 
curves. 

Thus the anticanonical map nicely describes the structure of any Moishezon twistor spaces 
on 4CP^. According to these three structures, let us call a Moishezon twistor space Z on 
4CP^ to be birational type, double solid type or conic bundle type if Z belongs to the case 
(a) , (b) or (c) respectively. Then what we actually do in Section [2] is to investigate each of 
these three cases much more in detail and to clarify the structure of the anticanonical map 
as follows. 

For a twistor space on 4CP^ which is of birational type, we show that the dimension 
of the anticanonical system is either 8 or 6 as a linear system. We also show that if the 
dimension is 8 the anticanonical image is a (non-complete) intersection of 10 quadrics in 
CP*^, and that if the dimension is 6, the anticanonical image is a complete intersection of 
three quadrics in CP^ (Theorem 13. 3p . The latter spaces are much more general than the 
former spaces. Any of these twistor spaces actually exist. 

For twistor spaces of conic bundle type, we prove that the dimension of the anticanonical 
system is 8, 5, or 4. We also show that if the system is 8-dimensional the anticanonical 
image is an embedded image of a non-singular quadric in CP^ by the Veronese embedding 
CP'^ C CP^ induced from the system |^(2)|, and that if 5-dimensional the anticanonical 
image is the Veronese surface CP^ in CP^. We also prove that if the anticanonical system 
is 4-dimensional the anticanonical image is an intersection of two quadrics in CP^, and 
determine their defining quadratic polynomials in explicit forms (Theorem 13. 4p . Thus the 
structure of the anticanonical image is determined in explicit forms. Again we remark that 
any of these three kinds of twistor spaces actually exist. 

For Moishezon twistor spaces on 4CP^ of double solid type, we classify them into four 
sub-types I, II, III and IV, according to the number of the irreducible components of the 
base curve of the system or equivalently, according to the difference of the singularities 
of the branch divisor of the anticanonical map. (These differences are illustrated in Figure 
dJ) We mention that type I is most general and type IV is most special. 



MOISHEZON TWISTOR SPACES ON 4Cp2 



3 



After these classifications, we compute in Section [3.21 the dimension of the moduh spaces 
of Moishezon twistor spaces on 4CP^. In particular, we see that the moduli space takes the 
highest dimension for twistor spaces investigated by Campana-Kreussler [3] and double solid 
twistor spaces of type I. It is likely that any two Moishezon twistor spaces are deformation 
equivalent, even if we require Moishezon property to be preserved in the deformation family. 

Comparing the classification with the case of 3CP^ it seems natural to view the twistor 
spaces of double solid type on 4CP^ as a right generalization of those on 3CP^ having the 
structure of double covering of CP3. (Indeed the name of double solid type is taken from 
this.) Since the double covering is mostly determined from the branch divisor, the main 
issue is to determine the form of the defining polynomial of the quartic hypersurface in 
CP^ which cuts out the branch divisor as the intersection with the scroll, and this is the 
main topic in the latter half of this paper. However, there seems to be no easy way for 
determining this quartic polynomial. In Section [U for this goal we analyze the structure 
of the anticanonical map for the twistor spaces of double solid type in detail. In particular 
we give a sequence of explicit blowups which eliminates the base locus of the anticanonical 
system of the twistor space. All the operations are presented in figures. 

In Section [5] we determine the quartic polynomial whose zeros cut out the branch divisor 
of the anticanonical map. In Section 15.11 we find reducible members of the anticanonical 
system, which consist of two irreducible components. Then in Section 15.21 by using these 
reducible members as well as the results in Section H] we find some particular curves on 
the branch divisor, which bring a strong constraint for the form of the defining equation of 
the quartic hypersurface. Next in Section [5.31 we show that there exists of a quadric which 
contains all these curves on the branch divisor. The defining equation of this quadric will be 
involved in the equation of the quartic hypersurface. Finally in Section [5.41 by assembling 
all these results we obtain the defining polynomial of the quartic hypersurface (Theorem 
\KM . 

This paper is a combination of the author's three articles larXiv:1 009.3153 . 1108.1443, 
and 1109.5427, minus some detailed construction of the twistor spaces. I would like to thank 
Masaharu Ishikawa for a helpful discussion on topology of varieties with singularities. Also 
I am grateful to the referee for giving me an opportunity to combine the three articles, 
which should certainly be much more suitable for presentation. 

Notations. The natural square root K^^^"^ of the anticanonical line bundle, which is 
available on any twistor space, is denoted by the letter F. This is called the fundamental 
line bundle. The degree of a divisor on a compact twistor space means the intersection 
number with twistor lines. For a line bundle ^ on a compact complex manifold, we write 
h^{^) = dimi7*(^). The dimension of a linear system \^\ always refers hP{^) — 1. Bs|.if | 
denotes the base locus of the linear system \^\. For a non-zero element s G i?°(if), (s) 
means the zero divisor of s. For a non-negative integer F^, denotes the ruled surface 
P(^(/c) © i?) over CP^. In particular Fq means CP"*^ x CP^. An (a, 6)-curve means a curve 
on Fq whose bidegree is (a, 6). A divisor and the associated line bundle are often written 
by the same letter. 

2. Classification of Moishezon twistor spaces on 4CP^ 

2.1. The base locus of the fundamental system when h^{F) = 2. Let Z he a (not 
necessarily Moishezon) twistor space on 4CP2. We suppose that the corresponding self-dual 
structure on 4CP^ is of positive type in the sense that the conformal structure is represented 
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by a Riemannian metric whose scalar curvature is positive. (Note that by a theorem of Poon 
[23j this positivity always holds if Z is Moishezon.) Then by the Hitchin's vanishing theorem 
[6] and the Riemann-Roch formula for the line bundle F, we have 

(2.1) h^{F)-h^{F) = 2. 

In particular, we always have h^{F) > 2. The structure of Moishezon twistor spaces sat- 
isfying the inequality h^{F) > 2 is well understood by the following result of Kreussler 

m- 

Proposition 2.1. Let Z be a twistor space on 4CP^ of positive type as above. 

(i) If hP{F) > 4, then h^{F) = 4 and Z is a LeBrun twistor space constructed in [18j . 

(ii) If hP{F) = 3, then Z is Moishezon if and only i/Bs|F| ^ 0. Moreover, in this 
situation, Z has to be a twistor space studied by Campana and Kreussler in [4J. 

Recall that LeBrun twistor spaces are Moishezon satisfying hP{F) = 4, and that the 
twistor spaces studied by Campana-Kreussler are also Moishezon and satisfy h^{F) = 3. 

Because generic twistor spaces on 4CP^ satisfy h^{F) = 2, the twistor spaces in Proposi- 
tion [27T] should be quite special ones among all Moishezon twistor spaces on 4CP^ In order 
to classify all Moishezon twistor spaces on 4CP2, it remains to investigate those which sat- 
isfy h?{F) = 2. Let Z be such a twistor space. Then because Z is not a LeBrun twistor 
space, by Poon Theorem 3.1], Z does not have a pencil of degree-one divisors. Hence 
general members of the pencil \F\ are irreducible. Take any real irreducible member S of 
this pencil. Then by a theorem of Pedersen-Poon [20], 5 is a non-singular rational surface 
satisfying K"^ = 0. For this surface we have the following. (See also |15].) 

Proposition 2.2. Let Z be a Moishezon twistor space on 4CP2 satisfying h^{F) = 2, and 
S any real irreducible member of the pencil \F\ as above. Then hP{S,Kg ) = 1. Let C be 
the unique anticanonical curve on S. Then Bs \F\ = C and C is a cycle of non-singular 
rational curves. Moreover, the number m of the irreducible components of C is even with 
4 < m < 12. 

Here, by a cycle of non-singular rational curves, we mean a connected reduced divisor 
on a non-singular surface, which is of the form YlT^i with m > 2 where Ci, . . . , Cm are 
mutually distinct smooth rational curves which satisfy 

• when m > 3, (Cj, Cj+i)s = 1 holds for any 1 < i < m where Cm+i means Ci, 

• when m = 2, Ci and C2 intersect transversally at two points. 

Proof of Proposition \2.2l By (12. ip and the assumption h^{F) = 2 we have H^{F) = 0. So 

the exact sequence Gz F ^ F\s K^^ — > 0, where s being a section of F satisfying 
(s) = S, gives an exact sequence 

(2.2) ^ C ^ H°{F) H%K~^) 0. 

This means h^(K^^) = 1 and Bs|-F| = C. Let e : S ^ Fq be a birational morphism 
preserving the real structure which maps twistor lines in S to (l,0)-curves (see |20]). Then 
since the image e^,(C) (= the image which takes the multiplicity into account) is also an 
anticanonical curve, it is a (2,2)-curve on Fq, which is real. From the absence of real 
points on S and Fq, we can readily deduce that if e*(C) has a non-reduced component, the 
component must be the twice of a real (l,0)-curve. But if this is really the case, e always 
blows up points on the real (1, 0)-curve, which readily means h^{Kg^) = 3. This contradicts 
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h^(Kg^) = 1. Therefore e*(C) does not have a non-reduced component. Hence possible 
forms of the (2,2)-curve e*(C) are the fohowing three situations: 



where in each possibihty two components of the same bidegree are distinct. But if (12. 4p 
would be the case, since e cannot blowup points on the (l,0)-curve C2 which is necessarily 
transformed into a twistor line on S, we would have h^{Kg^) > /i°(^(l,0)) = 2. Hence the 
situation (|2.4|) cannot happen under our hypothesis. For the situation (|2.5p it is obvious 
that the image e*(C) = e(C) is a cycle of smooth rational curves. The same conclusion 
holds for the first possibility (|2.3p since the two curves Ci and Ci cannot touch at a point 
as Fq does not have a real point. Hence in both cases the image e*(C) = e(C) is a cycle of 
smooth rational curves. Moreover since C G l-^^^^^l) each step in the birational morphism 
e : 5 — )• Fq blows up a point on (the inverse image of) e(C). This means that C is also a 
cycle of smooth rational curves and that the number m of irreducible components satisfies 
2 < m < 4 + 8 = 12. Obviously m is even by the presence of real structure. It remains to 
see m ^ 2. If m = 2, every steps in e blow up a smooth point of the anticanonical cycle 
(j2.3p . If we use the same letters to mean the strict transforms of Ci and Ci into S, this 
means that (Ci)| = = -2, which implies that {Ci + Ci,Ci)s = {Ci + Ci,Ci)s = 0. 

Hence the restriction of the anticanonical bundle ^s{Ci + Ci) on S to the cycle Ci + Ci 
is topologically trivial. From this it readily follows that as a function of an integer /, the 
dimension h?{lK'^^) increases at most linearly as / 00. This implies that hf^{Z,lF) 
can increase at most quadratically as / — ?> 00. This contradicts our assumption that Z is 
Moishezon. Hence m 7^ 2, as claimed. □ 

By Proposition 12.21 Moishezon twistor spaces on 4CP2 satisfying h°{F) = 2 can be clas- 
sified in terms of the number m of irreducible components of the base curve of the pencil 
\F\. In the sequel we write the number m by 2k, where 2 < k < 6. 

Since the cycle C consists of 2k irreducible components, there are exactly k ways to divide 
C into connected halves. We write Li (1 < i < k) for the twistor line going through the 
point Ci n Cj+i, where we read Cfc+i = Ci. Then for each i, there exists a pair of divisors 
{S^,S~} which satisfies the following properties that 



(see [15]). The obvious decomposition C = {S^ fl C) U {S^ n C) realizes the divisions into 
halves. These are all degree-one divisors on Z, and play an important role for deriving 
the defining equation of the image under the anticanonical map of the twistor spaces. We 
make distinction for the two components and S~ by promising that S~ contains the 
component Ci of C. 

Let e : S — )• Fq be the birational morphism as in the above proof. Then with an aid of 
the real structure we can factorize e as 

(2.6) e = €4 o es o e2 o ei, 

where each ej blows up a real pair of points on the anticanonical cycle. Moreover, as we 
have denied the possibility m = 2, even when e(C) is as in (j2.3p . some has to blowup a 
pair of singular points of the curve Ci + Ci. From this, by choosing a different blowdown 



(2.3) 
(2.4) 
(2.5) 



Ci + Ci, Ci€ 1^(1,1)1, 

C1+C2, Ci G |£?(1,2)|, C2 G 1^(1,0)1 
C1+C2 + C1+C2, Ci G 1^(1,0)1,^2 G 1^(0,1)1 



Sr = Si, SI + Sr e \F\ and S+ n Sr = Li 
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to Fq, it follows that the situation (j2.3p is absorbed in the situation ()2.5p . Thus for any 
Moishezon twistor space on 4CP^ with h^{F) = 2 we can suppose that the image e(C) C Fq 
is a real (2, 2)-curve consisting of four irreducible components. Hence in the following we 
choose the birational morphism e in a way that the image e(C) is a cycle of four rational 
curves as in (|2.5I) . 

We will often make use of the following easy property for the anticanonical system \2F\ 
on Z, which is valid only on 4CP^: 

Proposition 2.3. Let Z be a Moishezon twistor space on 4CP^ which satisfies h^{F) = 2. 
Then if S ^ \F\ is a smooth member, we have 

(2.7) h^{2F) = h^{2Kg^) + 2. 

Proof. As H^{F) = 0, from the exact sequence — > F 2F — > "^^s^ — ^ 0' where 
s S H^{F) satisfies (s) = S as before, by using h^{F) = 2 we get an exact sequence 

(2.8) H°{F) ^ H^{2F) H^{2Ks^) 0. 

This implies ([22]). □ 

Let S'^H^{F) be the symmetric product of the 2-dimensional space H^{F). As h^{F) = 2, 
this is a 3-dimensional subspace of H^{2F). Then we have the following basic commutative 
diagram of rational maps: 

Z FH^{2F)* 

(2.9) $1^1 ^ 

PFO(F)* ¥S^H'^{F)*. 

Here, the asterisk means the dual vector space, vr is the linear projection which is the dual 
of the inclusion S^H^{F) C H^{2F), and g is an embedding of FH°{F)* = CP^ as a conic 
in ¥ S^H'^{F)* = CP^. Evidently whole of the diagram (12. 9p is preserved by the natural 
real structure induced from that on the twistor space Z. 

Definition 2.4. Throughout this article we use the following notations and terminologies. 

(i) We always use the letter $ to mean the anticanonical map from a twistor space. 

(ii) We denote the image conic of g by the letter A. 

(iii) When h^(2F) = 5, we always denote the pre-image vr" -1(A) C CP^ by Y, and cah it 
as a scroll of planes over the conic A. 

(iv) Under the situation of (iii), we denote the indeterminacy locus of the projection vr 
by / and call it as the ridge of the scroll Y. As vr is a projection from CP^ to CP^, 
this is a line in CP^. 

From the definition, the conic A can be regarded as the parameter space of the pencil \F\. 
Also, when h^{2F) = 5, the target space of the projection vr : CP^ CP^ can be regarded 
as the space of 2-planes containing the line /. Moreover, from the commutativity of the 
diagram (|2.9p we always have ^\2F\i^) "^^^i^) the anticanonical image. Furthermore, 
by the exact sequence (j2.8p . for any smooth member S of the pencil \F\, the restriction of 
the anticanonical map ^"12^1 to S can be identified with the bi- anticanonical map of S. In 
the rest of this section using these as basic tools we investigate structure of the anticanonical 
map of Z for each of the five values of k. 



MOISHEZON TWISTOR SPACES ON 4Cp2 



7 



2.2. Classification in the case k = 6. From the proof of Proposition 12.21 ^ attains the 
maximal value 6 iff any in the factorization (12.61) blows up a (real) pair of singular points 
of the cycle; namely exactly when 5 is a toric surface. 

It is elementary to see that without loss of generality we may suppose that for the image 
e4(C), which is necessarily a cycle of 10 smooth rational curves, the sequence obtained by 
putting the self-intersection numbers of the components is given by 

-3, -1, -2, -2, -1, -3, -1, -2, -2, -1 

up to permutations and reversing the order. Therefore all the freedom for giving the toric 
S lie on the choice of a pair of points which are blown-up by £4. It is also elementary to see 
that there are exactly three choices of €4 which give mutually non-isomorphic toric surfaces, 
and that the sequence of the self-intersection numbers of components of C for these three 
choices can be listed as: 

(2.10) -4, -1, -2, -2, -2, -1, -4, -1, -2, -2, -2, -1, 

(2.11) -3, -2, -1, -3, -2, -1, -3, -2, -1, -3, -2, -1, 

(2.12) -3, -1, -3, -1, -3, -1, -3, -1, -3, -1, -3, -1. 

It is immediate to see that for the case (I2.10p . we have h^{Kg^) = 3 which contradicts 
our assumption. Hence it suffices to consider the other two cases (12.111) and (I2.12p . The 
following properties on these two toric surfaces are included in [81 Lemmas 2.4 and 4.1]: 

Lemma 2.5. If the sequence for the toric surface S is as in (j2.1ip . we have the following. 

(i) h°{2Kg^) = 5 and Bs \2Kg^\ = C - {C3 + Cg + Cs + Cq). 

(ii) After removing this curve, \2K^^\ is base point free. 

(iii) The associated morphism S — ?• CP^ is birational over the image. 

Lemma 2.6. // the sequence for the toric surface S is as in (|2.12p . we have the following. 

(i) h^{2K-^) = 7 andBs\2K-^ \ = Ci + C3 + C5 + Ci + C3 + C5. 

(ii) After removing this curve, \2K^^\ is base point free. 

(iii) The associated morphism S — )• CP^ is birational over the image. 

By using these lemmas, we show the classification in the case k = 6: 

Proposition 2.7. Let Z be a Moishezon twistor space on 4CP2 satisfying h^{F) = 2. 
Suppose that the anticanonical cycle C of a real irreducible member S G |F| consists of 12 
irreducible components. Then one of the following two situations happens: 

(i) // the self-intersection numbers for the cycle C in the toric surface S are as in 
p. lip , then h^{2F) = 7 and the anticanonical map ^> : Z — )• CP^ is birational over 
the image. Further, the image is a complete intersection of three quadrics, whose 
defining equations are of the form 

(2.13) Zq = Z1Z2, Z3Z5 = qi{zo, zi,Z2), z^zq = ^2(^0, 2^1, ^2), 

where zo,zi, - ■ ■ , zq are homogeneous coordinates on CP^ and qi and q2 are homo- 
geneous quadratic polynomials in zo,zi,Z2 with real coefficients. 

(ii) // the self-intersection numbers for the cycle C are as in (f2T2]) . then /i°(2F) = 9, 
and the anticanonical map ^ : Z ^ CP* is birational over the image. Further, the 
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image satisfies the following 10 quadratic equations: 

(2.14) zl = ziZ2, Z3ZQ = qi{zo,zi,Z2), 2427 = ^2(^0, ^i, ^2), 25^8 = 53(^0,21,22), 

(2.15) Z3Z4 = fi{zo,Zi,Z2)zs, Z4Z5 = f2izo,Zi,Z2)zQ, Z5Z3 = /^{zo, Zi , Z2) Zj , 

(2.16) ZQZ7 = fi{zo,Zi,Z2)z5, ZjZs = f2izo,Zi,Z2)z3, ZgZQ = fs^ZQ, Zi, Z2)z4. 

where all the qi-s and fi-s are quadratic and linear polynomials respectively in 
zq,zi,Z2 with real coefficients. 
In particular, when k = 6, the anticanonical map of Z is always birational over the image. 

Proof. The assertions for the value of h^{2F) immediately follow from Proposition 12.31 and 
Lemmas 12. 5[ 12.61 The birationality of the anticanonical map $ also follows from the two 
lemmas and the commutative diagram (|2.9p . So it remains to derive the defining equations 
of the anticanonical image ^{Z). For both situations (i) and (ii), let ui,U2 be any real basis 
of H^{F) and put zq = uiU2,zi = u\,Z2 = u\. These are real basis of the 3-dimensional 
subspace S'^H^{F), and subject to the relation Zq = z\Z2- The choice of the remaining basis 
of H'^(2F) depends on the situation. 

We first consider the situation (i) . By the combinatorial method introduced in [111 Section 
2, Procedure (A)], it is not difficult to see that the following two divisors are members of 
the anti-canonical system \2F\: 

(2.17) Xi := St + + +S^, X2:= S+ + + ^5+ + . 

(Although presence of a C* x C*- or a C*-action on the twistor spaces is supposed in |11] . 
for the purpose of finding members of the multiple system |mF|, we just need an action 
of these groups on the divisor S and we do not need that on the twistor spaces. We also 
note that the divisors (j2.17p are identical with those in [8l, Lemma 2.7], where they were 
found rather incidentally.) Next let 2:3 € H^{2F) (resp. z^ G H^{2F)) be an element which 
satisfies (^3) = Xi (resp. (z^) = X2). We further put z^ := a*Z3 and zq := a*Zi, where a 
is the real structure on the twistor space Z. Then obviously (25) = Xi and (zq) = X2, 
and the two products z^z^ and ai'e non-zero real elements of the symmetric product 
S^H^{F) C H^{4:F). Hence there exist quadratic polynomials (71,(72 S [-20, 21, 22] which 
satisfy 

(2.18) Z3Z5 = gi(zo,2i,Z2), 24^6 = 0^2(20, 21, 22). 

(From the relation Zq = Z1Z2, the polynomials qi and (72 are determined only up to the 
ideal (z^ — ziZ2).) Thus if W denotes the variety in CP^ defined by the three equations 
(j2.13p . the inclusion ^{Z) C W holds. We can write A for the conic Zq = ziZ2 in CP'^ (see 
the diagram (12. 9p ). Then for each A € A the intersection W H 7r~^(A) is an intersection of 
the two quadrics (I2.18P in 7r~^(A) = CP''. Hence W H 7r~^(A) is always a quartic surface 
(in CP^). This means diml^ = 3. Moreover since both of the polynomials qi and q2 in 
(I2.18P are non-zero, W fl 7r^^(A) is irreducible for general A G A. Hence W is irreducible. 
Therefore as $ is birational, we must have ^{Z) = W, as desired. 

Next we consider the situation (ii). For this case, again by [HI Section 2, Procedure (A)], 
we deduce that the following three divisors belong to |2F|: 

(2.19) 

Xi := S2 + + + , A"2 := + 'S'3 + 'S'4~ + , X^ := + 5'2 +5*4 + 'S'5 • 

(Again these are identical with the ones presented in [51 Lemma 4.5].) Let 23,24 and 
Z5 be elements of H^{2F) which satisfy (2:3) = Xi,{z4) = X2 and (25) = ^3, and put 
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zq := cr*z^, z-j := a*z/i and zg := (t*z^. Then by the same reason to the case (i) above, there 
exist quadratic polynomials qi,q2,q3 G IR[-ZO) -^i, -^2] which satisfy 



Hence the image ^{Z) satisfies the four equations (j2.14p . For deriving the next three 
equations ()2.15p . we notice the relations 



which are directly obtained from (|2.19p . From (j2.20p . since {S^ + S^) + {S^ + •S'g^) ^ 
\S'^H^{F)\, there exists a linear polynomial fi € 1^[zq, zi, Z2] which satisfies Z3Z4 = fi{zo, zi, Z2)z^. 
Similarly, from (j2.2ip and (j2.22p we obtain that there exist linear polynomials /2,/3 G 
M[zo, zi, Z2] which satisfy Z4Z5 = f2{zQ, zi, Z2)zq and = fsizo, zi, 22)2:7. Hence ^{Z) sat- 
isfies the three equations (j2.15p . By taking a* for these, we obtain the final three equations 
(|2.16p . (Note that Qi-s in (j2.15p and (j2.16p are common since they are of real coefficients.) 
Thus we obtain that $(Z) satisfies ah the 10 equations (EUD, ([2715]) and ([2T6|) . □ 

We remark that those twistor spaces on 4CP^ which have these two kinds of toric surfaces 
as members of |-F| were investigated in [8], under a stronger assumption that the C* x C*- 
action on the toric surface extends to that on the twistor space Z. The above combinatorial 
proof makes quite simpler the argument for obtaining defining equations of the anticanonical 
models of the twistor spaces of Joyce metrics [13j given in |8i Sections 2.2 and 4]. In view 
of the similarities of the defining equations as well as the fact that the anticanonical models 
actually have effective C* x C*-action from the equations (|2.13p - (12.16p . it seems quite likely 
that one can show that the twistor spaces in Proposition 12.71 are exactly the twistor spaces 
of Joyce metrics, by analyzing the anticanonical map more in detail. But here we do not 
try to do so because such an identification seems to require considerable efforts. 

2.3. Classification in the case k = 5. As before let Z he a Moishezon twistor space on 
4CP^ which satisfies h^{F) = 2, and S € |F| a real irreducible member. Suppose that the 
number m = 2k of the irreducible components of the anticanonical cycle C on S is 10. 

Let e : — 7> Fq be the birational morphism as in Section 12.11 and again decompose it as 
e = €4 o £3 o £2 o ei as in (|2.6p . where each blows up a real pair of points belonging to 
the anticanonical cycle. Further, as already mentioned just before Proposition 12.31 we can 
suppose that the image e(C) C Fq is a cycle of four rational curves (as in (|2.5p ). Then 
from the assumption k = 5, there exists a unique index j such that ej blows up a pair of 
smooth points on the anticanonical cycle. Without loss of generality we may suppose that 
j = 4. Under this situation we put Si := 64(8). By the choice Si has an anticanonical 
cycle which consists of 10 irreducible components, and it is a toric surface. We note that 
regardless of the blowup points of €4, the resulting surface S admits a non-trivial C*-action. 
As mentioned at the beginning of Section 12. 2| possible structure of the toric surface Si is 
unique, and the self-intersection numbers of the 10 components of the anticanonical cycle 
64(0) C in order are given by, up to permutations and reversing the order, 



^3^6 = 91(^0,^1,^2), 2427 = 92(20,21,22), 2528 = 0^3(20, 21, 22). 



(2.20) 
(2.21) 
(2.22) 



X1 + X2 
X2 + X3 
X3 + X1 



X, + {S+ + S^) + iS+ + S,), 
Xi + {S+ + SY) + {St + S^), 
X2 + {S+ + S^) + {S+ + S^), 



(2.23) 



-3, -1, -2, -2, -1, -3, -1, -2, -2, -1. 
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Let Ci, • • • , C5, Ci, • • • , C5 be the components of e4(C) arranged in this order (so Cf = c1 = 
—3 for instance.) Note that th toric surface has a holomorphic involution which commutes 
with the real structure and which exchanges Ci, C2, C3, C4 and C5 with Ci, C5, C4, C3 and 
C2 respectively. Thanks to this symmetry we can suppose that S is obtained from 5*1 by 
blowing-up a point on Ci, C2 or C3 and its conjugate point, which are not on the singularities 
of the cycle €4(0). But if blows up a point on Ci, then S satisfies hP{Kg^) = 3 and this 
contradicts h^{Kg^) = 1. So €4 blows up a point of C2UC3, which is not on the singularities 
of the anticanonical cycle. 

Suppose that €4 blows up a point of €2- Then the structure of S is the same as that of 
a real irreducible member of \F\ in the twistor spaces studied in (specialized to the case 
of 4CP^, of course). In particular from p.23p the sequence of the self- intersection numbers 
of the components of C becomes 

(2.24) -3, -2, -2, -2, -1, -3, -2, -2, -2, -1. 
Hence by P| Proposition 2.1] we have 

Lemma 2.8. The bi-anticanonical system of this surface S satisfies the following. 

(i) h^i2K^') = 3. 

(ii) Bs\2Kg^\ = Y.i=iiCi + Ci), and after removing this base curve, the bi-anticanonical 
system is base point free. 

(iii) The morphism cf) : S ^ CP'^ induced by the bi-anticanonical system is of degree two, 
and the branch divisor is a reducible quartic curve. 

(iv) The morphism (p contracts the connected curve C5UC1UC2UC3 and the conjugation 
curve to mutually distinct points. 

(v) The morphism (p maps C4 and C4 to an identical line isomorphically. 

(vi) The branch quartic curve has A^- singularities at the two points which are the images 
of the two curves in (iv). (See FigureUl type IV.) 

Next we suppose that £4 blows up a point of C3. In this case, again from (j2.23p . the 
sequence of the self-intersection numbers of the anticanonical cycle on S becomes 

(2.25) -3, -1, -3, -2, -1, -3, -1, -3, -2, -L 
For this surface S we have the following 

Lemma 2.9. The bi-anticanonical system of S satisfies the following. 

(i) h^{2K^') = 5. 

(ii) Bs |2i^^^[ = Ci + C3 + C4 + Ci + C3 + C4, and after removing this, the system 
becomes base point free. 

(iii) If (j) : S ^ CP^ is the morphism induced by the bi-anticanonical system, then (p is 
birational over the image (/>(S), and 4>{S) is an intersection of two quadrics in C¥^. 

Proof. In this proof for simplicity we write to mean Kg^. The curves Ci,C3,C4 and 
their conjugations can be readily seen to be fixed components of |2i^^^| by computing the 
intersection numbers. Let B be the sum of these 6 curves (with each coefficient being one). 
Then we easily have {2K-'^ - B, d) = {2K-'^ - B, Ci) = for i = 2,5. Hence noticing 
{2K~^ — B) — {C2 + C5 + C2 + C5) ~ , we obtain an exact sequence 

(2.26) Q^K-^^ 2K-^ -B^ ^c,yjc,yjc,^c, ^ 0, 
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where the second arrow is a multiphcation of a defining section of the divisor C2 + C5 + 
C2 + Cs- Further we readily have h^{K~^) = 1 and hence h^{K~^) = by Riemann-Roch. 
Therefore from the cohomology exact sequence of ()2.26p we obtain h^(2K~^) = 1 + 4 = 5, 
and also that Bs \2K-'^-B\ is disjoint from C2UC5UC2UC5. Hence, as (IK'^-B, C3) = 0, 
Bs \2K-'^-B\ is disjoint from C3UC3 also. Therefore if Bs \2K'^-B\ is non-empty, it must 
be points on Ci U C4 U Ci U C4 which are not singularities of the anticanonical cycle C. But 
this cannot happen since S has a non-trivial C*-action which does not fix Ci U C4 U Ci U C4, 
and this C*-action automatically lifts on the system \2K^^ ~ B\, so that its base locus must 
be C*-invariant. Hence Bs \2K~^ — S| = 0, meaning (ii). 
To show (iii), we notice that the two divisors 

/ := Q + 2C5 + C1+C2 and / := C4 + 2C5 + Ci + C2 

on S are mutually linearly equivalent, and that 2C — f + f and 2C + f — f are effective 
divisors, where C is the unique anticanonical curve (cycle) on S as before. Therefore we 
can consider the linear subsystem of |2/'r^^[ generated by the three curves 

(2.27) 2C - / + 7, 2C + / - 7 and 2C. 

By looking at the multiplicities of the components, we readily see that these three divisors 
are linearly independent. Hence these generate a 2-dimensional subsystem of |2i^~^|. Write 
\V\ for this subsystem. If (/> : 5 — )• CP^ denotes the bi-anticanonical map and p : CP^ — > CP^ 
means the projection corresponding to the inclusion V C H^{2K~^), the rational map 
5* —7- CP^ induced by the subsystem is naturally factorized as p o 0. 

On the other hand, from the generators (|2.27p . we readily see that the fixed components 
of the subsystem \V\ are the curve i? + C2 + C3 + C2 + C3. Removing this from ()2.27p we 
get that the movable part of \V\ is generated by 

2/, 27 and f + J. 

Recalling that / and / are linearly equivalent, this means that the 2-dimensional system 
\V\ is composed with a pencil |/| = |/|. Therefore the rational map associated to \V\ 
is factorized as 5 — > CP^ A- CP^, where S — >• CP"*^ is the map associated to |/|, and 
i : CP^ — )■ CP^ is an embedding as a conic. Hence we have obtained the commutative 
diagram 

S -±-^ CP^ 

(2.28) p 

CP^ — ^ cp2 

This diagram implies that the bi-anticanonical image 0(5") is contained in a quadricp-i(t(CP^)). 
Hence in order to show that (/>(S) is an intersection of two quadrics, it is enough to show 
that the image under of a general fiber of the vertical map S — t- CP^ is a conic (in a fiber 
plane of the projection p). 

For this let D be a general fiber of 5 ^ CP^ Then L» G |/|. We can readily see that D 
is a smooth rational curve. Further we can compute {2K~'^ — B, D) = 2. Hence we obtain 
an exact sequence 

— > 2K-^ - B-D — > 2K-^ - B — > ^d(2) — > 0. 

By computing intersection numbers, we readily deduce that the system \2K~^ — B — D\ 
has I/I as a movable part. This implies hP{2K~^ — B — D) = 2. On the other hand by 
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Riemann-Roch we get x(2i^"^ - B - D) = 2. Further H'^{2K-^ - B - D) = 0. These 
imply H^{2K-^ - B - D) = 0. Therefore the restriction map H^{2K-^ - B) ^ i?°(^D(2)) 
is surjective. This means that the image 4>{D) is a conic. Hence 4){S) is an intersection 
of two quadrics. The surjectivity also implies that the restriction : D — > (t){D) is 
biholomorphic. Hence by the diagram (|2.28p . (j) is birational over the image (j){S), finishing 
a proof of the lemma. □ 

Now we are able to give a classification in the case k = 5: 

Proposition 2.10. Let Z be a Moishezon twistor space on 4CP2 satisfying h^{F) = 2. 
Suppose that the anticanonical cycle C in a real irreducible member 5 E |F| consists of 10 
irreducible components. Then one of the following two situations happens: 

(i) h^{2F) = 7, and the anticanonical map $ : Z ^ CP^ is birational to the image. 
Further, the image ^{Z) is a complete intersection of three quadrics. 

(ii) h^{2F) = 5, the image of the anticanonical map <1> : Z — t- CP^ is a scroll of planes 
over a conic, and the anticanonical map is two to one over the scroll. Moreover the 
branch divisor of $ is an intersection of the scroll with a single quartic hypersurface. 

Proof. First suppose that the sequence of the self-intersection numbers for the components 
of C is given by (I223D. Then by Proposition O and Lemma [2S](i) we obtain h^{2F) = 
5. Further, since the restriction of ^ to any smooth member S G \F\ is exactly the bi- 
anticanonical map by the exact sequence ()2.8p . from the diagram (j2.9p and Lemma [2. 81 (iii). 
we conclude that $ is two to one over the scroll Y of planes over the conic. Further, again 
by the lemma, we obtain that the branch divisor of the anticanonical map <I> : Z — )■ y C CP^ 
is an intersection of the scroll by a quartic hypersurface. Thus Z satisfies all the properties 
in the case (ii) of the proposition. 

Next suppose that the sequence of the self- intersection numbers for C is given by (I2.25p . 
Then by Proposition 12.31 and Lemma 12.91 (i) we have h^{2F) = 7. Further by the commu- 
tative diagram (12. 9p . the image ^{Z) is contained in the quadric 7r^"'^(A) C CP^. Moreover 
the restriction of <1> to a smooth member of |F| is exactly the bi-anticanonical map of S 
by the same reason to above. Hence in order to prove that the image ^{Z) is a complete 
intersection of three quadrics (in CP^), it suffices to see that a general member of the pencil 
\F\ is mapped onto a complete intersection of two quadrics in a fiber of vr. But this is 
exactly the assertion (iii) of Lemma 12.91 Hence ^{Z) is a complete intersection of three 
quadrics in CP^. Finally, the birationality of ^' now follows immediately from the diagram 
(12. 9p and the birationality of the bi-anticanonical map (j) proved as Lemma 12.91 (iii) . Thus 
Z satisfies all the properties in (i) of Proposition 12.101 □ 

We note that the twistor spaces studied in [9j (specialized to the case of 4CP^) fall into 




the case (ii) in Proposition 12.101 On the other hand, the twistor spaces in the case (i) 
seem to have not appeared in the literature. But in light of the presence of a C*-action 
on the divisor S which is not semifree, it is quite likely that these twistor spaces admit a 
non-semifree C*-action, and can be considered as a mild specialization of the twistor spaces 
constructed in another paper [lO] . 

2.4. Classification in the case k = 4. Let Z he a Moishezon twistor space on 4CP^ 
which satisfies h^(F) = 2 and S £ \F\ a real irreducible member. Suppose that the number 
m = 2k of the irreducible components of the anticanonical cycle C on S" is 8. 
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type I type II type III type IV 



Figure 1. The branch quartic curves of the bi-anticanonical map cp : S ^ 
CP^ which is of degree two, in relation with the special line I = 4>{C)- See 
Definition 13.61 for the types. 

As in the cases of = 6 and k = 5, we take the birational morphism e : 5 — >■ Fq such 
that e(C) consists of four components as in (j2.5p . Again we factorize e as e = €4 o £3 o e2 o ei 
as in (j2.6p . Then by the assumption k = 4 we can suppose that €2 o ei blows up the 
four singular points of the cycle e(C) on Fq, and that £3 and 64 blow up smooth points 
of the anticanonical cycle. Let Si be the toric surface obtained from Fq by applying the 
above blowups €2 o ei, and we name the components of the anticanonical cycle on 5i as 
Ci, C2, C3, C4, Ci, C2, C3, C4 in a way that adjacent curves intersect as before and that Ci 
is a (— 2)-curve. By the real structure one of the two blown-up points of £3 has to be on 
Ci U C2 U C3 U C4, and the same for £4. Hence the surface S is determined by choosing two 
points on Ci U C2 U C3 U C4, which are not the singularities of the cycle. In the following 
for simplicity we do not mention the conjugate blown-up points. 

First suppose that €4 o €3 blows up two points on Ci; here we are allowing these points to 
be the same point, in which case €4 blows up the intersection of the exceptional curve with 
the strict transform of Ci. Including this case we readily see that the resulting S satisfies 
h^{Kg^) = 3, contradicting hP{F) = 2. Hence by an obvious holomorphic symmetry of the 
toric surface Si, we also obtain that £4 o £3 cannot blow up two points on C3. 

Next suppose that £4 o £3 blows up one point on Ci and one point on C2. We note that 
in this case H^{Qs) = holds, where Qs denotes the tangent sheaf of S. Then using the 
same letters for the strict transforms into S, the sequence of the self-intersection numbers 
of the 8 curves Ci, C2, • • • , C3, C4 on 5 is given by 

(2.29) -3,-2,-2,-1,-3,-2,-2,-1. 

Lemma 2.11. The bi-anticanonical system of this surface S satisfies the following. 

(i) h'{2K^') = 3. 

(ii) Bs 12^5^1 = Ei=i(Ci + Ci), and after removing this curve, the bi-anticanonical 
system is base point free. 

(iii) The morphism cj) : S ^ CP^ induced by the bi-anticanonical system is of degree two, 
and the branch divisor is an irreducible quartic curve. 

(iv) The morphism (p contracts the connected curve C4 U Ci U C2 and the conjugate curve 
to mutually distinct points. 

(v) The morphism (f) maps C3 and C3 to an identical line isomorphically. 

(vi) The branch quartic curve has A2- singularities at the two points which are the images 
of the curves in (iv). (See Figure\^ type III.) 

We omit a proof of this lemma as it can be shown in a standard way. 
Next suppose that £4 o £3 blows up one point on Ci and one point on C^,- In this case 
we again have H^iQs) = 0. Then this time the sequence of the self-intersection numbers of 
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the 8 components Ci, C2, • • • , C3, C4 on S is given by 

(2.30) -3,-1,-3,-1,-3,-1,-3,-1. 

Lemma 2.12. The bi-anticanonical system of this surface S has the following properties. 

(i) h^{2K,') = 5. 

(ii) The fixed components of \2Kg^\ are Ci + C3 + Ci + C3. 

(iii) After subtracting these components, the system is base point free. 

(iv) The morphism (/> : 5" — )• CP^ induced by the system is birational over the image and 
contracts the four {—\)-curves C2,C4,C2,C4. Further the image (f>{S) C CP'* is a 
quartic surface. 

(v) // the birational morphism (p does not contract any other curves, then the quartic 
surface <p{S) is an intersection of two quadrics in CP*. 

Note that in (iv) we are not claiming that the birational morphism does not contract 
any curve other than the four (— l)-curves. Actuahy if there exists a (l,l)-curve on Fq 
passing through the four blown- up points of £4 o es, then its strict transform into S is 
contracted to an ordinary double point. Later (in the proof of Proposition I2.14|) we will 
show that this kind of curve does not exist for a general smooth member 5 of the pencil 
|F|. 

Proof of Lemma \2.1S\ . Again in this proof we write for Kg^. For (i)-(iii), as 

{K~^,Ci) = {K~^, d) = —1 for i = 1,3, these curves are base curves of |2K~^|. Put 
B:=Ci + C3 + C1 + C3. Then since 2K-^ - 5 - (C2 + C4 + C2 + C4) = K-\ we have the 
exact sequence 

(2.31) K-'^2K-'-B ^c^ucuc.uc, ^ 0. 

From this noting H^{K^^) = 0, we obtain h^(2K~^) = 5 and that \2K^'^ — B\ has no 
fixed component. These mean (i) and (ii). Suppose Bs|2i^'~^ — B\ ^ f/}. Then again by 
the cohomology exact sequence of (|2.3ip . it is contained in the support of B, and also it is 
disjoint from C2 U C4 U C2 U C4. Since the restriction of the line bundle 2K~^ — B to the 
(— 3)-curves Ci and Ci {i = 1,3) is of degree 1, base points of \2K~^ — B\ appears at one 
point at most on each of these curves. By reality, the number of base points is either 2 or 4. 
If it is 2, the base points are resolved by blowing-up the 2 points, and consequently we obtain 
a morphism S — > CP*, where S is the 2 points blowup of S. Then since {2K~^ — B)"^ = 4 on 
S, the self- intersection number of the base point free linear system on S* is 2. This means 
that the image of S in CP* is a quadratic surface. But a quadratic surface in CP* necessarily 
degenerates (see [26j). and hence the number of the base points of \2K~^ — B\ cannot be 
2. If the number of the base points is 4, \2K~^ — B\ has one base point on each of the four 
(— 3)-curves, and by blowing-up these four points we obtain another surface S and a fixed 
point free linear system on S. Since the self-intersection number of this system is zero, the 
image of the morphism S — >■ CP* induced by the system is a curve. Let E be any one of the 
four exceptional curves of the blowup S — )• 5. Then the intersection number of E with the 
free system on 5 is 1. Hence the image of E under the morphism S CP* must be a line. 
These mean that the image curve in CP* is a line, which cannot happen. Thus the number 
of the base points of \2K~^ — B\ cannot be 4. This implies that \2K~^ — B\ is base point 
free. Hence we obtain (iii) of the lemma. 

Let (/) : 5 CP* be the morphism induced by \2K-'^ - B\. Since {2K-^ - Bf = 4, the 
image 0(5") is a quadratic surface and (j) is of degree 2, or otherwise (/>(S') is a quartic surface 



MOISHEZON TWISTOR SPACES ON 4Cp2 



15 



and (j) is birational. But as above it cannot be a quadratic surface. Therefore (j) is birational 
and 4>{S) is a non-sing ular quartic surface. Then as {2K-'^ - B, d) = (IK"^ - B, Ci) = 
for z = 2,4, these four (— l)-curves are contracted to points by (j). Thus we get (iv) of the 
lemma. 

Finally, for (v), suppose that (j) does not contract any curve except the four (— l)-curves 
6*2,6*4, C2 and C4. Then the quartic surface </>(£') is clearly non-singular. It is classically 
known (see [26) ) that a smooth quartic surface in CP"^ is either the image of a Veronese 
surface under a projection CP^ — > CP^, or a (complete) intersection of two quadrics. Further 
these two quartic surfaces can be distinguished by the genus of a general hyperplane section: 
for the Veronese surface the genus is zero, while for the complete intersection of the quadrics 
the genus is one. Hence to show (v) it is enough to show that the last genus is one for 
the present surface 4'{S). By Bertini's theorem a general hyperplane section of 4'{S) is 
irreducible and non-singular. Moreover such a hyperplane section is clearly a biholomorphic 
image of a member of |2i^^^ — B\. Hence it suffices to see that the arithmetic genus of the 
last system is one. In fact, we have 

^ {2K-^ - B, 2K-^ -B + K) + l = ^ {2K-^ " + ^ (^^"^ -B,K) + 1 

= ^4 + + ^(-4) + l = l. 
Hence we obtain the assertion (v) of the lemma. □ 

Next for another possibility suppose that €4 o 63 blows up two points on C2. Then the 
resulting surface S has a non-trivial C*-action, and the sequence of the self-intersection 
numbers of the 8 curves Ci, C2, • • • , C3, C4 on S becomes 

(2.32) _2, -3, -2, -1,-2, -3, -2,-1. 

This surface S is identical to the one constructed in [10, Section 2] (if specialized to the 
case of 4CP2). 

Lemma 2.13. For the anticanonical system of this surface S we have the following: 

(i) h^{2Ks') = 3. 

(ii) Bs \2Kg^\ = Ci + 2C2 + C3 + C1 + 2C2 + C3. 

(iii) After removing these curves, the system is base point free. 

(iv) This free system is composed with a pencil IC3 + 2C4 + Ci| = IC3 + 2C4 + Ci| and 
hence the hi- anticanonical morphism 4> : S ^ CP^ is factorized as S ^ CP^ CP^, 
where S — )■ CP"^ is a morphism associated to the last pencil, and CP^ — )■ CP^ is an 
embedding as a conic. 

We omit a proof of this lemma. 

As a final possibility, if €4 o £3 blows up one point on C2 and one point on (74, all the 
components of C become (— 2)-curves. In this case the line bundle Kg^\c clearly becomes 
topologically trivial, and it follows that h^(lKg^) increases at most linearly as a function 
of /. This means that Z is non-Moishezon. By symmetries of the toric surface Si (which 
was obtained from Fq by blowing up the four singular points of the anticanonical cycle; 
see an explanation at the beginning of this subsection), we do not need to consider the 
remaining cases, because they fall into one of the above cases. Thus we have seen that if 
Z is Moishezon and h^{F) = 2, then Z has a member S G \F\ whose anticanonical cycle C 
satisfies (^M), (l230|) or ([2:321) . 
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By using Lemmas 12.111 12.121 and 12.131 we show the classification in the case k = 4: 

Proposition 2.14. Let Z be a Moishezon twistor space on 4CP2 satisfying h^{F) = 2. 
Suppose that the anticanonical cycle C in a real irreducible member S (z \F\ consists of 8 
irreducible components. Then one of the following three situations happens: 

(i) h^{2F) = 7 and the anticanonical map $ : Z — )• CP^ is birational over the image. 
Moreover the image ^{Z) is a complete intersection of three quadrics. 

(ii) h^{2F) = 5, the image of the anticanonical map <I> : Z — )• CP^ is a scroll of planes 
over a conic, and $ is rationally 2 to 1 over the scroll. Moreover the branch divisor 
of $ is an intersection of the scroll with a single quartic hypersurface. 

(iii) h^{2F) = 5, and the image of the anticanonical map Z — > CP^ is a complete inter- 
section of two quadrics, whose defining equations are of the form 

(2.33) Zq = ziZ2, Z3Z4 = q{zo,zi,Z2), 

where zq, zi, - ■ ■ ,2:4 are homogeneous coordinates on CP^ and q is a quadratic poly- 
nomial in zq,zi,Z2 with real coefficients. Moreover, a general fiber of ^ is a non- 
singular rational curve. 

Remark 2.15. As will be turn out at the end of the next subsection, the case (iii) is the 
unique situation where the image of the anticanonical map is not 3-dimensional, provided 
that h^{F) = 2. In other words, except this case, the anticanonical image is 3-dimensional 
when /i°(F) = 2. 

Proof of Proposition \2.14\ If the sequence of the self-intersection numbers of the 8 compo- 
nents of the cycle C is as in (j2.29p . the twistor space Z satisfies all the properties in (ii) of 
the proposition by Lemma [2. Ill (iii). Proposition 12.31 and the diagram (j2.9p . 

Next we consider the case where the sequence for the cycle C is as in (j2.32p . In this case, 
by Proposition 12.31 and Lemma 12.131 (i) we have h^{2F) = 5. Further by Lemma 12.131 (iv) 
and the commutative diagram (j2.9p . the anticanonical image ^{Z) C CP^ is 2-dimensional. 
For the defining equations of this surface, by the same reason to the proof of Proposition 
12.71 we have the first equation Zq = z\Z2 for appropriate real basis zq, 21,2:2 of S'^H^{F). 
For the second equation, by using the C*-action on S, again as in the proof of Proposition 
12.71 we can show that the reducible divisor 

X := + S2 + + 

belongs to \2F\. Let 23 € H^{2F) be an element which satisfies (23) = X, and put 24 = cr*z^. 
Then obviously 2324 is a real element of S'^H^{F), so there exists a quadratic polynomial 
g(2o, 21,22) E M[2o, 21,22] which satisfies 2324 = 0^(20, 21, 22). This is the second equation 
in (I2.33p . For the assertion about fibers of <l>, it suffices to show that general fibers of 
the bi-anticanonical map (p S are smooth rational curves. But by Lemma 12.131 (iv) the 
movable part of \2Kg^ \ is generated by the pencil IC3 + 2C4 + Ci | , and it is easy to see that 
general members of this pencil are non-singular rational curves. Hence general fibers of (p 
are non-singular rational curves. Thus we have obtained that Z satisfies all the properties 
in (iii) of the proposition. 

We are left to show that if the twistor space Z has S (z \F\ whose sequence is as in ()2.30p . 
then Z satisfies the properties (i) of the proposition. The assertion h^{2F) = 7 follows 
immediately from Proposition 12.31 and Lemma 12.121 (i). In order to show that ^{Z) is an 
intersection of three quadrics in CP^, we need to show that for a general S* S |-F|, S satisfies 
the assumption in (v) of Lemma |2. 121 For this, we note that from the fact that Ci and Ci 
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are (— 3)-curves on S for i € {1,3}, it readily follows that these are base curves of \2F\, and 
the normal bundle of these curves in Z is given by 

(2.34) Nc,/z ^ %/z ^ ^(-2)®' for i G {1, 3}. 

Hence if we blow up these curves, each exceptional divisor is biholomorphic to Fq = CP^ x 
CP^. Then we have the following 

Lemma 2.16. Suppose that the twistor space Z has a real irreducible member S € \F\ 
whose sequence is as in (j2.30p . Let fj, : Z ^ Z be the blow-up at the base curve B := 
C1UC3UC1UC3, Ei and Ei {i € {1,3}) the exceptional divisors overCi andCi respectively, 
and put E = El + E3 + El + E3. Then the system \fj,*(2F) — E\ is base point free and the 
resulting morphism ^ : Z ^ CP^ contracts Ei ~ CP^ x CP^ and Ei {i = 1,3) to CF^ 
along the projection which is different from the original projections Ei Ci and Ei Ci. 
Moreover, other than these four exceptional divisors, the morphism $ does not contract any 
divisor (in Z) to a lower- dimensional subvariety. 

Proof. By the exact sequence (j2.8p we have Bs \2F\ = Bs |2i^^"'^|, and the latter is the curve 
B by Lemma 12.121 (ii). For any of the four exceptional divisors of the blowup ^, let i^(0, 1) 
be the fiber class of the restriction of /i. Then from (j2.34p we have -/V^^^ ~ ^{—1, —2). 
Hence we obtain 

(2.35) {^i*{2F) - E) \e, ~ (2i^^V0 ^ ^ ^^0' ^ ^(l'^) - ^(1>0). 

Therefore by restricting the line bundle fj,* F — E to Ei U Ei we have the exact sequence 

(2.36) fi*{2F) - E - El-El ^i*{2F) - E ^ ^^^^ (1, 0) (1, 0) ^0. 

We clearly have /i°(Z, /i*(2F) - E) = h^{Z,2F) = 7. On the other hand, if 5 means the 
strict transform of S into Z which is clearly biholomorphic to S, we have 

^^*{2F) -E-Ei-Ei\g ~ 2Kg^ -C -Ci-Ci, 

and we easily have h^{2Kg^ — C — Ci — Ci) = 1. From this noting S € \ii*F — E\ we readily 
obtain h^{fj,*{2F) — E — Ei — Ei) < 3. Then the cohomology exact sequence of p.36p means 
that the restriction map H°{n*{2F) - E) ^ F°(i^£;, (1, 0) © is surjective (and 

also that h'^{fi*{2F) - E - Ei -Ei) = 3). This means that Bs \fi*{2F) - E\n{EiUEi) = 0. 
If we replace the role of Ei + Ei by E3 + E3, we obtain Bs |/U*(2F) - ^| n {E3 U E3) = 0. 
Therefore we conclude Jis\fi*{2F) — E\ =0. Further (j2.35p implies that the morphism ^ 
contracts Ei ~ CP"^ x CP^ to CP^ along the projection which is different from the original 
projection Ei ^ Ci. 

It remains to see that the morphism ^> does not contract any divisor other than the 
four components of E. Let D be such an irreducible divisor. If D is real, then D € 
\n*{kF)-liEi-liEi-l2E2-l2E2\ for some k>l and/1,/2 > 0, and {iJ,*2F - E)^ ■ D = has 
to hold by the contractedness property. For computing this intersection number, we notice 
that, as h*F\e, ^ n*{K^^\c,) ^ ^^(0,-1) fori G {1,3}, we have {fj,*F)'^-Ei = {h*F\e,)^ = 
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on Z. Hence we have, for i G {1,3}, 

(/x*2F - Ef ■ Ei = 4:H*F'^ • Ei - 4:^i*F ■ E ■ Ei + E^ ■ Ei 
= 4 • - Afj,*F ■ Ef + £;f 
= -4^(0, -1) • ^(-1, -2) + ^(-1, -2f 
= -4 + 4 = 0, 

and the same for Ei. From these, recaUing F^ = Q (as we are over 4CP^), we obtain 
(/i*2F -Ef-D = {fi*2F - Ef ■ ifi*{kF) - hEi - hEi - I2E2 - I2E2) 
= {n*2F - Ef ■ n*{kF) 

= (Ef + eI + El + eI) ■ II* {kF) - ik II* F'^ ■ {El +E1 + E2 + E2) 

= 4k {ii*F\e„Ei\e,)e^ 

= Ak^{0, -1) • ^(-1, -2) = Ak. 

Therefore we have {ii*2F — Ef ■ D > 0. Hence D is not contracted to a curve or a point 
by When D is not real, by applying the above computations to D + instead of D, we 
obtain (//*2F - Ef ■ {D + D) > 0. So since (/i*2F - Ef ■ D = {n*2F - Ef ■ D, we again 
conclude (/i*2F — Ef ■ D > 0. Therefore in the non-real case too, D cannot be contracted 
to a point or a curve by the morphism Thus we have obtained Lemma l2.161 □ 

Continuation of the proof of Proposition \2.14\ Arguing the case where the sequence of the 
self-intersection numbers is as in ()2.30p as before, we claim that for a general real member 
S G \F\, the bi-anticanonical map 0:5—7- CP^ does not contract any curve other than 
the four (— l)-curves C2,C4,C2 and C4. If this is not the case, then from the diagram 
(j2.9p and since the restriction of the anticanonical map ^> : Z ^ CP^ to S is exactly the bi- 
anticanonical map (j), the morphism <I> must contract a divisor, say D, to a lower-dimensional 
subvariety. But by Lemma 12.161 such a divisor D must be one of Ei and Ei [i € {1,3}). 
Thus we conclude that for a general member 5 G |-F| the bi-anticanonical map (p is just a 
(simultaneous) blowdown of the (— l)-curves C2,C4,C2 and C4. This means that for these 
surfaces the image 4'{S) C CP^ is a non-singular surface. The latter surface is of degree 4 
by Lemma [2.12l (iv). Hence by Lemma [2.12l (v) we can conclude that ^(5) is an intersection 
of two quadrics. Thus we obtain that for a generic member S of the pencil \F\, (piS) is a 
complete intersection of two quadrics. Hence so is $(5*). Then by the diagram ()2.9p . we 
obtain that ^{Z) is a complete intersection of three quadrics. Thus we have seen that Z 
satisfies all the properties in (i) of Proposition 12.141 □ 

We note that from the normal bundle of Ei in Z and also from (j2.35p the image ^{Ei) 
and ^{Ei) (i G {1,3}) are lines in CP^ and the anticanonical image ^{Z) = ^{Z) has 
ordinary double points along these 4 lines. We also note that $ contracts not only the 
four exceptional divisors of n but also the strict transforms of the curves Ci and Cj for 
i G {2, 4}. With these information, it might be interesting to find explicit form of quadratic 
polynomials which define the anticanonical model. 

We note that the twistor spaces in (iii) of Proposition 12. 141 include those studied in [10], 
while the the twistor spaces in (i) and (ii) of the proposition seem to have not appeared in 
the literature. 
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2.5. Classification in the cases k = 3 and k = 2. The conclusion in these two cases is 
simple: 

Proposition 2.17. Let Z be a Moishezon twistor space on 4CP2 satisfying h^{F) = 2. 
Suppose that the anticanonical cycle C in S (z \F\ consists of 6 or 4 irreducible compo- 
nents. Then we always have h^{2F) = 5. Further the image of the anticanonical map 
<I> : Z — 7- CP^ is a scroll of planes over a conic, and the anticanonical map is 2 to 1 over 
the scroll. Moreover the branch divisor of <1> is an intersection of the scroll with a single 
quartic hypersurface. 

Proof. Let e = €4 o £3 o 62 o ei : S ^ CP^ x CP^ be the decomposition as in (12. 6j) . If A; = 3, we 
can suppose that ei blows up a pair of singularities of the cycle e(C) C Fq (which consists of 
four irreducible components as in (12. Sp ) and that the remaining e^-s blow up pairs of smooth 
points of the resulting anti-canonical cycle. Like before let Si be the toric surface obtained 
by applying the above ei, and Ci, • • • , C3 the cycle of six (— l)-curves on Si. If €4 o ea o £2 
blows up three points on Ci, we get h^(Kg^) = 3, which contradicts our assumption. If 
£4 o £3 o 62 blows up two points on Ci, by a holomorphic symmetry of Si we can suppose 
that it blows up one point on C2. Then the self- intersection numbers for the anticanonical 
cycle C on 5 become 

(2.37) -3,-2,-1,-3,-2,-1. 
For this surface we have the following 

Lemma 2.18. The bi- anticanonical system of this surface S satisfies the following. 

(ii) Bs \2Kg'^ [ = Ci + C2 + Ci + C2, and after removing this curve, the bi- anticanonical 
system is base point free. 

(iii) The morphism (p : S ^ CP^ induced by the bi- anticanonical system is of degree two, 
and the branch divisor is an irreducible quartic curve. 

(iv) The morphism (j) contracts the two connected curves C3UC1 and C3UC1 to mutually 
distinct points. 

(v) The morphism (/) maps C2 and C2 to an identical line isomorphically. 

(vi) The branch quartic curve of (p has Ai- singularities at the two points which are the 
images of the curves in (iv). 

Omitting a proof of this lemma and continuing the proof of Proposition [2T71 again by the 
diagram (j2.9p and the above lemma we obtain that the image of Z under the anticanonical 
map <I> is a scroll of 2-planes over a conic, the map is rationally 2 to 1 over the scroll, and 
that the branch divisor is a cut of the scroll by a quartic hypersurface. Thus Z satisfies all 
the properties in the proposition. 

Alternatively if £4 o £3 o £2 blows up one point on each of Ci,C2 and C3, then the line 
bundle Kg^\c becomes topologically trivial, which again means that Z is non- Moishezon. 
By symmetries of the above toric surface Si we do not need to consider other possibilities, 
and we have proved the assertions of Proposition 12.171 for the case A: = 3. 

If fc = 2, any of the four e^-s blows up smooth points of the cycle e(C) C Fq. As before 
write this cycle as Ci +C2 + Ci + C2. If e blows up 4 points on Ci, then we get h^{Kg^) = 3 
which is a contradiction. If e blows up exactly 3 points on Ci, then it also blows up one 
point on C2, and the sequence of the self- intersection numbers for the anticanonical cycle 
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C on 5 is given by 

(2.38) -3,-1,-3,-1. 

For this surface we have the following lemma, for which we again omit a proof. 

Lemma 2.19. The bi-anticanonical system of this surface S satisfies the following. 

(i) h%2K,') = 3. 

(ii) Bs \2Kg^\ = Ci + Ci, and after removing this curve, the bi-anticanonical system is 
base point free. 

(iii) The morphism cf) : S ^ CP^ induced by the bi-anticanonical system is of degree two, 
and the branch divisor is an irreducible quartic curve. 

(iv) The morphism (p maps the connected curves C2 and C2 to mutually distinct points. 

(v) The morphism (p maps Ci and Ci to an identical line isomorphically. 

(vi) The branch quartic curve of (p is tangent to the last line at the two points which are 
the images of the curves in (iv). 

From this lemma, again by using the diagram (|2.9p , we obtain the asserted properties on 
the anticanonical system of the twistor spaces. 

Finally if e blows up exactly 2 points on Ci, then it also blows up exactly 2 points on 
C2, which implies that the line bundle Kg^\c is topologically trivial. So again this cannot 
happen under the Moishezon assumption. Clearly these cover all possible situations for the 
case k = 2, and we finish a proof of Proposition 12.171 □ 

We remark that when k = 2, the twistor spaces in Proposition 12. 171 are identical to those 
treated in [241 Theorem 7.11], where it was proved that the twistor spaces are Moishezon 
by showing that the anticanonical map has 3-dimensional image. On the other hand, when 
k = 3, the twistor spaces in Proposition 12.171 seem to have not appeared in the literature. 



3. Summary on the classification, and the dimension of the moduli spaces 



3.1. Summary and conclusions on the classification. In Sections I2.2H2.5I we have 
classified Moishezon twistor spaces on 4CP^ which satisfy h'^{F) =2. In order to place 
those satisfying h^{F) > 2 in the same perspective, we first investigate the anticanonical 
system of those twistor spaces. 

As in Proposition 12. 1|, if a twistor space on 4CP'^ satisfies h^{F) > 2, then Z is either a 
LeBrun twistor space or a Campana-Kreussler twistor space. For LeBrun twistor spaces, by 
putting n = 4 in [12, Proposition 2.2 and Corollary 2.3], we have /i°(2F) = /i°(Fo, ^(2, 2)) = 
9 and the system \2F\ is generated by \F\. Since h^{F) = 4 and \F\ induces a rational map 
onto a smooth quadric in CP^, we obtain the commutative diagram of left 



■^LB 



(3.1) 



ZcK 



1^(2)1 



where t is an embedding as a hyperplane. In particular, the image <I>|2f|(-^) is an embedded 



image of a smooth quadric in 
contained in a hyperplane in 



under the Veronese image 



C 



, which is necessarily 
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We next see that the situation is similar for the Campana-Kreussler twistor spaces. Let 
Z he such a twistor space on 4CP^ Then we have h^{F) = 3, and by [U Proposition 1.3 
(ii)] the rational map Z CP^ associated to \F\ is surjective. Also by [H Lemma 1.8] we 
have h^{2F) = 6. These imply that H^{2F) is generated by H^{F). Hence analogously 
to the left diagram in (13. ip we get the right commutative diagram in ()3.ip . Therefore the 
image by the anticanonical map of Z is the Veronese surface CP^ in CP^. 

Thus in contrast sharply with the case h^{F) = 2, for twistor spaces satisfying hP{F) > 2, 
the anticanonical system \2F\ is always generated by \F\. 

With these remarks, we can summarize our classification in the following simple form: 

Theorem 3.1. Let Z be a Moishezon twistor space on 4CP^. Then the anticanonical map 
^ of Z satisfies one of the following three properties: 

(a) ^ is birational over the image, 

(b) ^{Z) is the scroll Y C CP^ over the conic (see Definition \2.4\ ), and $ is (rationally) 
two to one over the scroll, 

(c) ^{Z) is a rational surface. 

Proof. The situation (a) happens in Proposition [22] (i) and (ii) (the case k = 6), Proposition 
12.101 (i) (among the case k = 5) and Proposition 12.141 (i) (among the case /c = 4), and 
there exists no other Moishezon twistor space whose <I> is birational, because the invariant 
k catches all Moishezon twistor spaces satisfying h^{F) = 2 by Proposition 12. 2| and for 
Moishezon twistor spaces with h^{F) > 2, $ is not birational by the above considerations 
for the twistor spaces of LeBrun's and Campana-Kreussler's. The situation (b) occurs in 
Proposition 12.101 (ii) (among the case = 5) and Proposition 12.141 (ii) (among the case 
A; = 4) and Proposition 12.171 (the cases k = 2> and /c = 2), and these are all such examples. 
The remaining Moishezon twistor spaces are those in Proposition 12.141 (iii) (among the case 
k = 4) and the twistor spaces of LeBrun's and Campana-Kreussler's. We have already 
verified that all these twistor spaces satisfy dim<I>(Z) = 2. Further, for LeBrun's and 
Campana-Kreussler's, '^{Z) is rational since it is Fq and CP^ respectively. For the twistor 
spaces in Proposition 12. 141 (iii) . the surface ^{Z) is also rational since the defining equations 
(j2.33p means that ^{Z) is birational to a conic bundle over the conic A ~ CP^ Thus these 
three kinds of twistor spaces satisfy the property (c). This finishes a proof of the theorem. 
□ 

Definition 3.2. We call Moishezon twistor space Z on 4CP'^ to be birational type, double 
solid type, or conic bundle type if Z satisfies (a), (b) or (c) in Theorem 13.11 respectively. 

In terms of these types, we can summarize the results in Sections 12. 2112. 5 1 and an expla- 
nation at the beginning of this section as follows: 

Theorem 3.3. // a Moishezon twistor space Z on 4CP^ is of birational type, then we 
have /i°(2F) = 9 or /i°(2F) = 7. // h^{2F) = 7, the birational image $(Z) C CP^ is a 
complete intersection of three quadrics. Ifh^{2F) = 9, the birational image '^{Z) C CP^ is 
a non-complete intersection of 10 quadrics. 

Theorem 3.4. If a Moishezon twistor space Z on 4CP2 is of conic bundle type, then 
h^{2F) = 9,6 or 5, and general fibers of ^ are non-singular rational curves. Further, the 
image rational surface ^{Z) can be explicitly described as follows: 

(i) Ifh^{2F) = 9, it is a smooth hyperplane section of the Veronese embedding o/CP^ 
into CP^ by |^(2)I. 
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(ii) If hP{2F) = 6, it is a Veronese surface in CP^. 

(iii) If hP{2F) = 5, it is an intersection of two quadrics whose defining equations can he 
taken as Zq = z\Z2 and z^z^ = q{zQ, zi, Z2) in homogeneous coordinates, where q is 
a quadratic polynomial in zo,zi,Z2 with real coefficients. 

Theorem 3.5. // a Moishezon twistor space Z on 4CP^ is of double solid type, the branch 
divisor of <I> is an intersection of the scroll with a single quartic hypersurface. 

In view of the last theorem, since the double covering is mostly determined from the 
branch divisor, it is a basic question to determine the defining equation of the quartic 
hypersurface in CP^ which cuts out the branch divisor of the anticanonical map. This is 
exactly the question pursued by Poon and Kreussler-Kurke in \24:\ [T6] for the twistor spaces 
of 3CP^ which have a structure of double covering of CP^ We shah give an answer to this 
question in Section [5l after eliminating the base locus of the anticanonical system in Section 
m To this end, for twistor spaces of double solid type, we introduce the following definition 
that will be used in the rest of this paper: 

Definition 3.6. Let Z be a twistor space on 4CP^ which is of double solid type. Then 
according to the number 4,6,8 or 10 of the irreducible components of the cycle C (namely 
according to k = 2,3,4 or 5 respectively), we call Z to be o/type I, II, III or IV respectively. 

As we have already mentioned, it is quite certain that most twistor spaces of birational 
type and conic bundle type are identical to known classes of twistor spaces as follows: 

Conjecture 3.7. Let Z be a Moishezon twistor space on 4CP^. Then the following would 
be true: 

(1) If Z is birational type with k = 6, then Z is a twistor space of a Joyce metric |13] . 
In particular, they should admit an effective C* x C* -action. 

(2) If Z is conic bundle type with k = 4, then Z is isomorphic to one of the twistor spaces 
constructed in |10]. In particular, they should admit a (non-semifree) C* -action. 

(3) // Z is of conic bundle type with k = 5, it is a degenerate form of the twistor 
spaces in |10j . In particular they also admit a (non-semifree) C* -action, and their 
minitwistor spaces with respect to the C* -action are isomorphic to the ones in [lOj. 

The point is to show that the C* x C*- or C*-action on a real irreducible member 5 € |-F| 
extends to that on the twistor space. In view of the Pontecorvo's theorem |25j . it seems quite 
natural to expect that there always exists a natural linear injection H^[@s) ~^ H^{®z), 
which implies the above extension property. 

3.2. Dimension of the moduli spaces. In this subsection based on the results in Section 
[2] we compute dimension of the moduli spaces of Moishezon twistor spaces on 4CP^ We 
begin with the following proposition which implies that the inverse of the above conjectural 
injection exists for Moishezon twistor spaces which satisfy h^{F) = 2: 

Proposition 3.8. Let Z be a Moishezon twistor space on 4CP2 which satisfies h^{F) = 2. 
Then for any real irreducible member S of the pencil \F\, there is a natural linear injection 

Proof. By Proposition 12. 2| under the assumption h^(F) = 2, the base locus Bs \F\ is a cycle 
of smooth rational curves, and it consists of 2k irreducible components, where 2 < k < 6. 
Further the pencil \F\ has precisely k reducible members. Then the existence of the natural 
linear map II^{Qz) — ^ H^{Qs) is obvious in the case A: > 3 since Auto.Z', the identity 
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component of the holomorphic automorphism group of Z, naturally acts linearly on H^(F) 
and preserves each reducible members. When k = 2, let Sf + and S2 + S2 be the 
reducible members of \F\ as before. Then these are also invariant under the action of 
Auto.Z', and moreover, the intersection twistor line Li is invariant under this action. On the 
other hand, it can be readily seen that in this case any (and S~) is obtained from CP^ by 
blowing-up 4 points, and that precisely 3 of the 4 points are on a line. If Auto(5j^, Lj) means 
the identity component of the group of holomorphic automorphisms of Sf' which preserve 
Li, this means Auto{S^, Li) = {e}. Since the homomorphism Auto^' — )• Auto{S^,Li) is 
clearly injective (by going down to 4CP2), this means Auto.Z^ = {e}. Therefore we obtain 
H^{Qz) = 0. (Namely if A: = 2, the asserted injection is a trivial map from to 0.) □ 

Proposition 13.81 implies that H^{@s) = means H^{Qz) = 0. As we have mentioned in 
Sections I2.2fl2.5l where we presented an explicit construction of S" as a blowup of Fq, this is 
the case exactly when 

• ke {2,3}, or 

• k = 4 and Z is either a birational type or a double solid type. 

(For all other remaining cases we have H^{Qs) 0-) 

We compute the dimension of the moduli space for those twistor spaces. Let Z be any 
one of these Moishezon twistor spaces and S (z \F\ a real irreducible member. Let Qz,s be 
the subsheaf of Qz formed by germs of vector fields which are tangent to S. We also write 
Qzi-S) for Qz «) ^zi-S). Then by Theorem 5.1], we have 

(3.2) H\Qz) = H\Qz,s) = H\Qz{-S)) = 0. 

Further by computations in [7*, p. 146], we have x{®z) = 15—7-4 = —13, where x denotes the 
Euler characteristic. Then since we always have H^{Qz) = and are assuming H^iQz) = 0, 
we obtain 

(3.3) h\Qz) = 13. 

We also have, for the rational surface S, by the Riemann-Roch formula 

(3.4) h\K-,') = h\K-,') - I 
and 

(3.5) ^i(es) = io, f2(Gs) = 0. 

Then by various standard exact sequences of sheaves including the above ones, noting 
N^iz — Kg^ and using ()3.2p . we obtain the following commutative diagram of cohomology 
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groups on Z and S: 



s > 



-> 



> H\ez{-S)) > H\Qz,s) H\Q. 



^ 



> H\ez{-S)) > H\@z) 



5 ' 



H\@z\s) > 



H\Ks^) > 




From the middle column of this diagram, by using (j3.3p and ()3.4p . we obtain 

h\Qz,s) = h\Qz) + h\K^^) - h\Ks') 

(3.6) = 13 + 1 = 14. 

Hence from the second row (including the map a) and p.Sp . we obtain 

h\Qz{-S)) = h\Qz,s) - h\Qs) 

(3.7) = 14 - 10 = 4. 

In order to compute the dimension of the moduli spaces, we recall from Section [2] that 
the geometric structure of the twistor spaces is determined from the sequence of the self- 
intersection numbers of the cycle C in 5" € |-F|, and the complex structure of S is determined 
from the blowups e : 5" — )• Fq. For the actual computation, we first obtain for each fixed 
sequence the dimension of the M-linear subspace V of (65) which is generated by defor- 
mations of S through the Kodaira-Spencer map, where we consider all deformations of S 
which keep the sequence invariant. Then from obvious meanings of the maps a and (3 (see 
the above diagram), the subspace /3(a~^(y)'^) in H^{Qz), where a~^{VY denotes the real 
part of a~^iy) in H^{Qz.s)i can be considered as the tangent space of the moduli space of 
the (Moishezon) twistor spaces which have the sequence as the self-intersection numbers of 
the cycle C in S. 

For example, we compute the dimension of the M-subspace V C H^{Q)s) when the se- 
quence for the cycle C is as in (I2.38P : namely when Z is a double solid twistor space of 
type I (see Definition 13. 6p . In this case all freedom for constructing S from the blowups 
e : — 7- Fq is to move three points on Ci and one point on C2 on the initial surface Fq, since 
the remaining four points are determined from these four points by the real structure (see 
Section [23]) . But not all these moving contribute for deforming the complex structure of S; 
namely, the U(l) x U(l)-action on Fq which preserves the cycle Ci + C2 + Ci + C2 clearly 
erases the effect of the moving. Consequently, the M-subspace V C H^(@s) generated by 
all real deformations of S which keep the sequence (|2.38p fixed is (2-4 — 2 =) 6-dimensional. 
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Therefore by using (j3.7p . we have dim^a~^{VY = 6 + 4 = 10. Next we see that this 
M-subspace a~^{V)'^ contains the real part of the image of the vertical map 6 in the com- 
mutative diagram. The last image clearly corresponds to deformations of the pair (Z, S) 
which are obtained by just moving S in the real part of the pencil \F\, while the com- 
plex structure of the twistor space Z is fixed. On the other hand, it is immediate to see 
that any real irreducible member Sx € \F\ also contains the curves Ci,C2,Ci and C2 as 
(— 3), (— 1), (— 3) and (— l)-curves. This means that the M-subspace in H^{Qs) generated 
by the R-pencil {Sx | A G A and A is real} is contained in the subspace V. This means 
ao6{H^{Kg^y) C V and hence the desired inclusion 6{H^{Kg^y) C a-^{Vy. Therefore 
we obtain that the M-subspace /3(a~^(y)'^) C H^(Qz) is isomorphic to the quotient space 
(V)'^ / 5{H^ (Kg^)") . Since h?{Kg^) = 1, we obtain that the moduli space of the twistor 
spaces of double solid type I is (10 — 1 =) 9-dimensional. 

In a similar way, concerning other twistor spaces of double solid type, for the dimension 
of the M-subspace V C H'^{Qs)-, we have dimF = 4 for the case of type II, diml^ = 2 
for the case of type III. (We also have diml/ = 1 for the case of type IV. But we are 
excluding this case because H^{Qs) 7^ 0.) From these, we obtain that the moduli space 
is 7-dimensional for the case of type II, and 5-dimensional for the case of type III. For 
the twistor spaces of birational type which satisfy k = A, the M-subspace V C H^{Qs) is 
readily seen to be 2-dimensional. Hence again by using ()3.7p the moduli space becomes 
(2 + 4 — 1 =) 5-dimensional. Thus we have computed the dimension of the moduli space for 
those satisfying H^{Qs) = and h?{F) = 2. 

A similar argument works for computing the dimension of the moduli space of Campana- 
Kreussler twistor spaces on 4CP'^ which satisfy H'^{Qz) = 0. First we readily see that 
for the M-subspace V C H^{Qs) we have dim^ = 7. Further we have h^(Kg^) = 2 
and the image 6{H^{Kg^)) is again contained in a"^(y) by the same reason to the above 
argument. Hence the dimension of the moduli space is computed as 7 + 4 — 2 = 9. We 
note that by the same argument the moduli space of Campana-Kreussler twistor spaces on 
nCP^ is (3n — 3)-dimensional. We also mention that this can obtained in a simpler way by 
computing h^{Qz,Co)j where Cq is the base curve of the net instead of passing to the 
surface S. 

Up to Conjecture 13.71 the dimension of the moduli spaces of Moishezon twistor spaces 
on 4CP2 satisfying h°{F) = 2 can be listed up as in the following table: 





birational type 


double solid type 


conic bundle type 


k = 6 


3-dim. (C* X C*) 






k = 5 


4-dim. (C*) 


4-dim. (C*) 




k = A 


5-dim. 


5-dim. 


6-dim. (C*) 


k = 3 




7-dim. 




k = 2 




9-dim. 





Here, hyphen means non-existence, and the group in parentheses is the identity component 
of the holomorphic automorphism group of the twistor space. 

4. Anticanonical system of the twistor spaces of double solid type 

Our final goal in the rest of this paper is to obtain defining equation of the quartic 
hypersurface in CP'* which cuts out the branch divisor of the anticanonical map of the 
twistor spaces of double solid type. However there seems to be no shortcut for obtaining 
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this equation. In this section for that goal we eUminate the base locus of the anticanonical 
system for each type I, II, III and IV. 

Let Z he a Moishezon twistor space on 4CP^ which is of double solid type. Then according 
to the (sub)type introduced in Definition 13. 6^ the anticanonical cycle C of a real irreducible 
member S £ \F\ has the following sequence as the self- intersection numbers in S of the 
irreducible components (see ([238]) . ([IJtD, ([2:29]) and (HH])): 



(4.1) -3, -1, -3, -1 for type I, 

(4.2) -3, -2, -1, -3, -2, -1 for type II, 

(4.3) -3, -2, -2, -1, -3, -2, -2, -1 for type III, 

(4.4) -3, -2, -2, -2, -1, -3, -2, -2, -2, -1 for type IV. 



As before these indicate that, for example in the case of type II, the self-intersection numbers 
in S of the components Ci, C2, C3, Ci, C2, C3 are —3, —2, —1, —3, —2, —1 respectively. The 
structure of the bi-anticanonical systems of S is presented in Lemmas 12.191 12.18|, 12.111 and 
12.81 respectively. 

As in Section l2.ll there are precisely k reducible members of the pencil \F\, where as 
before k is the half of the number m of the components of the cycle C. We still denote 
{S^ + S~ \1 < i < k} for these members, where we are keeping the rule for the indices and 
the superscripts. Besides the notations introduced in Definition 12.41 we use the following 
notations throughout Sections H] and El (Recall that the conic A is naturally identified with 
the parameter space of the pencil |-F|.) 

Definition 4.1. Let Z he a twistor space on 4CP2 of double sohd type. 

(i) We denote by B for the branch divisor of the anticanonical map ^ : Z C CP^. 

(ii) We denote by Aj G A for the point corresponding to the reducible member + . 

(iii) We denote by Pi for the fiber plane 7r~^(Aj) in the scroll Y over A. 

Since Aj is a real point. Pi is a real plane. Concerning the image of the reducible members 
under the anticanonical map <I>, by the commutative diagram (j2.9p . we have 

(4.5) <i>(5+USr)cP.. 

Since $ is surjective to Y, one might first think that the coincidence ^{S^ U S^) = Pi 
necessarily holds. But this is not always true since the following situation can happen: an 
exceptional divisor of an elimination of the base locus of the anticanonical system is mapped 
surjectively to Pi and instead S^' and S~ are mapped to a proper subvariety in Pj. We 
will see that this is actually the case for the case of type II, III and IV for one particular 
reducible member. 

Before proceeding to the actual analysis of the anticanonical system, we mention a prop- 
erty which helps to understand the structure of the branch divisor B of the anticanonical 
map, at least geometrically: 

Proposition 4.2. For a general point A G A, the intersection Br]iT~^{X) is a quartic curve 
in the plane 7r^^(A) which touches the ridge I at two points, or which has singularities at 
two points on I. Further, these two points are independent of the choice of X G A. 

Proof. From the commutative diagram (|2.9p . for a general A G A, the corresponding member 
S G |F| is mapped to the plane 7r^^(A), and from the exact sequence (|2.8p the map is 
identified with the bi-anticanonical map of S. Therefore each plane 7r~^(A) possesses a line 
which is special in relation with the branch quartic curve of the bi-anticanonical map, in 
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the sense that branch curve touches the hne at two points for the case of type I, and it has 
singularities at two points on the hne for the case of type II, III and IV ((vi) of Lemmas 12 .IQ} 
12.181 [2TTT] and [2^81 See also Figure [1]). From these lemmas, in terms of the bi-anticanonical 
map 4> : S ^ CP^, these two points are concretely written as (j){Ci) and (/>(Ci), where C, 
and Ci are the components of the cycle C whose self-intersection numbers are (—1). Since 
the anticanonical map $ is well-defined on a general point of these two components, we can 
replace the above (/>(Cj) and 4>{Ci) by ^(Q) and <I*(Cj) respectively. This means that the 
special line is independent of the choice of A. Because a common line for the planes 7r~^(A) 
is nothing but the ridge this means that the special line on the plane 7r~^(A) is exactly /. 
Thus we have obtained the proposition. □ 

If we denote by q and q for the two common points on the ridge Z, the proposition implies 

(4.6) Br\l = {q,q}. 

Also from the proposition, the branch divisor B is obtained from the branch curve of the 
bi-anticanonical map of S (which is illustrated in Figure [T|) by 'rotating around' the ridge 
I. Thus it is quite obvious that the branch divisor of the anticanonical map has the worst 
singularities at the two points q and q. 

We begin an analysis of the anticanonical map. From the exact sequence (j2.8p . we have 
Bs |-F| = Bs The latter base locus is explicitly given in the above lemmas in Section 

[2j In particular, the base locus is a string of smooth rational curves which is a part of the 
cycle C . For the case of type I for example, the base locus can be eliminated by blowing-up 
the base curve Ci U Ci just once. However, for other types II, III and IV the base locus 
cannot be eliminated by blowing-up just once, and it seems difficult to keep track of the 
base locus if we initially blowup the base curves themselves. 

So instead let Z ^ Z be the blowup at the whole of the cycle C, and Ei and Ei 
(1 < i < k) the exceptional divisors over the curves Ci and Ci respectively. Then the 
indeterminacy locus of the rational map Z — )• CP^ induced by the pencil \F\ is eliminated 
and the composition Z ^ Z ^ CP^ is a morphism. (See Figures [2H5] for configuration of 
these divisors on Z.) 

From the fact that C constitutes a cycle, it follows that any Ei and Ei are biholomorphic 
to Fq. If we denote the strict transforms of the components 5"^^ and by the same letters, 
then the four divisors S^,S~,Ei and in Z, where -Efc+i means Ei, share a unique 

point, for which we denote by pi. (In Figures [2HS] these are indicated by dotted points.) 
Then the new variety Z has ordinary double points at pi and Pi, 1 < i < k. For each of 
them we take a small resolution such that 

• for 1 < i < k — 1 the pair of the divisors Ei and 5"^^ are blown-up at the point pi , 

• for i = k, the alternative pair of divisors Ei and are blown-up at the point pk- 

(See Figures [2H5j) For the points Pi, 1 < i < k, we take a small resolution which is uniquely 
determined from that for pi by the real structure, and let Aj, 1 < z < A;, be the exceptional 
curve over the point pi. We denote by Zi — )• Z for the simultaneous small resolutions 
of all these 2k ordinary double points, and write ni : Zi ^ Z to mean the composition 
Zi — 7> Z — >■ Z. From the choice, the divisor Ei is blown-up at the two points pi and pf., and 
the divisor Ei, 1 < i < k, is blown-up at one point pi, while Ek is not affected. 

Next let E be the total sum of all the exceptional divisors of the birational morphism //i, 
and let /i : Zi — )• CP^ be the morphism associated to the free system |jU*F — E\. Then we 
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have a basic relation 

(4.7) /ijF ~ /i*^(l) + £;. 

This is very useful for computing intersection numbers on the manifold Z\. 

Also in the following we often consider line bundles over the exceptional divisors Ei d 
1 < i < k. To express them, we write iy'Ei{a,b) or just ff[a,b) to mean the pull-back of 
the line bundle ff{a,b) over ¥q Ei C Z hy (the restriction of) the small resolution 
Zi ^ Z, where we promise that the line bundle ff{0,l) is the fiber class of the projection 
(Z D)Ei — )• Cj. This means that for any member S € \F\, the intersection of its strict 
transform into Zi with the divisor Ei C is a member of |€?(1,0)| in the above notation 
for line bundles over Ei. 

4.1. Elimination of the base locus — the case of type I. Because the divisor Ei + Ei 
is a fixed component of the pullback system |/iJ(2F)|, we put 

^1 := fil{2F) - El -El. 

From the relation ()4.7p this can be rewritten as 

(4.8) ifi = /r ^(2) + El + 2^2 + ^1 + 2:^2 . 

Then the base locus of the anticanonical system is already removed at this stage: 
Proposition 4.3. The linear system \^\\ on Z\ is base point free. 

Proof. Since Bs |2F| = Ci U Ci, we clearly have Bs|^i| C EiUEi. We calculate the 
restrictions of to the divisors Ei and E2 in concrete forms, by computing the intersection 
numbers of ^1 with curves on these divisors which generate {Ei , Z) . First we compute 
for the exceptional curve Ai C Ei. For this, by identifying curves on the original divisor 
in Z and its strict transform into Zi, we temporary write C2 = Sf fl E2 and Ci = Sf fl Ei 
in this proof. Then noting that Ai = 5^*" n Ei and that Ai does not intersect a general 
fiber of /i (see FigureED so that (/;^(2), Ai)^^ = 0, by using (gS]), we have 

(ifi,Ai)^^ = (E1 + 2E2 + E1 + 2E2, Ai)^^ 

= (Ai + 2C72 + Ci, Ai)^+ 

(4.9) =-1 + 2 + 0=1. 

For the exceptional curve A2, since Ei fl A2 = £^21"! A2 = 0, we have 

(^1, A2)^^ = (/r^(2) + Ei + 2E2 + Ei + 2E2, A2)z^ 

= (i?l, A2)^^+2(E2, A2)^^ 

(4.10) =(Ei, A2)5++2 = (-l) + 2 = l. 

Next for the curve Ei D E2, noting that this is a section of /i : Zi — )• CP"*^ and the self- 
intersection numbers in Ei and E2 are —1 and respectively, we compute 

(Jfi, El n E2)z, = (/r^(2) + El + 2E2 + El + 2E2, El n Ea)^^ 

= (/r^(2), El n E2)^^ + (Ei,Ei)^^ + (2E2,E2)s^ 

(4.11) = 2 + + 2(-l) =0. 
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Similarly for the section Ei E2 of f\, because it is a (—1)- and 0-curve on Ei and E2 
respectively, we have 

(^1, ErnE2)z, = (/r^(2), E,nE2)z^ + {Ei,Ei)-E^ + {2E2,E2)^^ 

(4.12) = 2 + + 2(-l) =0. 
From (|4.9p - (!4.12p we readily obtain 

(4.13) ifiliji ~ ^(1,1) - Ai - A2. 

In a similar way it is possible to compute the intersection numbers of ^1 with curves on 
E2 which generate ff^(£'2,Z), which turn out to be zero. Hence we obtain 

(4.14) 

If El were a fixed component of the system |^i|, as Ei Ci E2 7^ 0, (|4.14p would mean 
that E2 is also a fixed component. This contradicts Bs|=Sfi| C EiU Ei, so Ei is not a 
fixed component of |^i|. Then since the line bundle ^(1,1) — Ai — A2 on Ei is a fiber 
class of a surjective morphism p : Ei ^ CP^, (j4.13p implies that if has a base point, 
then the base locus has to consist of fibers of the morphism p. Further, any fiber of p 
intersects a member of |^£;^(1,0)| from intersection number. On the other hand, by (j2.8p . 
for any smooth member 5 € |-F|, the restriction map H^{Z, 2F) — )• H^{S, 2F) is surjective. 
Moreover through the birational morphism /xi : Zi — )• Z this map can be naturally identified 
with the restriction map H^{Zi,^i) — )• H^{S,^i), where we are using the same letter to 
mean the strict transform of the original S C Z into Zi. Therefore the latter map is 
also surjective. Since the system l-S^ilsl is exactly the movable part of the bi-anticanonical 
system of S from the definition of ^1, and since the movable part is base point free by 
Lemma 12.191 (ii), this means that for any smooth member S E \F\, the system \^i\ does 
not have a base point on the strict transform S C Zi. Therefore since fibers of the above 
morphism p intersects S as above, the system \^i \ cannot have a base point on Ei. Hence 
Bs 1 = 0, as required. □ 

Let $1 be the morphism associated to the free system \ on Zi. From the construction 
$1 factors as ^ o Hi : Zi ^ Z ^ CP^. As seen in the above proof, on a general fiber S of 
/i, the morphism $1 is exactly the bi-anticanonical map of S. In particular it is degree-two 
over a fiber plane of the projection vr : y — )■ A. Behavior of <I>i over the exceptional divisors 
of Hi is described as follows: 

Proposition 4.4. We have <^i{Ei) = <^i{Ei) = I, where I is the ridge of the scroll Y 
as before. Further ^i{E2 U E2) = {q,q}, where q and q are the intersection B n I (see 
Proposition 14-^^ and a comment after it). 

Proof. From the proof of Proposition 14.31 the restriction map H^{Zi, ^i) — > H^{Ei,^i) is 
surjective. By (|4.13p . the latter space is 2-dimensional. Hence the image ^i{Ei) is a line. 
By reality, the image ^>i(-E'i) is also a line. If we write (p : S ^ CP^ for the bi-anticanonical 
map of a smooth member S € \F\ as before, these lines can be naturally identified with 
the images (/"(Ci) and (j){Ci) respectively, and, these lines are identical by Lemma 12.191 
Hence ^i{Ei) and ^i[Ei) must be an identical line, and it has to be the ridge / from the 
proof of Proposition 14.21 On the other hand the image ^i{E2) is a point by (|4.14p . Hence 
$i(£J2) is also a point. These two points have to be the points q and g, because they are 
naturally identified with the images 0(6*2) and <j){C2), which are identical to $i(-E'2) and 
<I>i(i?2) respectively. □ 
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Figure 2. The blowups for the case of type I. 



By using the freeness of the system we derive information about the restriction of 
$1 to (the strict transforms of) the divisors and S~ . Recall from (14. 5[) that for i G {1, 2} 
we have the inclusion ^i{S^ U S^) C Pi. 

Proposition 4.5. On the divisor (i S {1,2}), the morphism <I>i is birational over the 
plane Pi. Moreover, the image is a conic on the plane, where as before Li is the 

intersection Pi which is a twistor line. 

Proof. Since $1 is already a morphism, we have the coincidence <I>i(5'j^ U S^) = Pi. Hence 
from reality we have <^i(5j^) = ^i{S~) = Pi. Therefore since the degree of $1 : Zi — )• y is 
two, we obtain the desired birationality over the plane Pi. For the latter assertion, noting 
that Li intersects Ei transversally at one point but does not intersect E2 (see Figure [2]) , we 
calculate 

(^1, Li)z, = (^1 + 2E2 + Ei + 2E2, Li)^^ 
= {Ei+Eu Li) ^^=2. 

This directly shows that $i(Lj) is a conic. □ 

4.2. Elimination of the base locus — the case of type II. Let Z he a double solid 
twistor space on 4CP^ which is of type II. Then by Lemma 12.181 the pullback system 
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|;U*(2F)| on Z\ has the divisor i?i + £'2 + -E'l + ^2 as fixed components at least. Hence 
similarly to the case of type I, we put 

^1 :=^*(2F)-(£i+£2+^i+^2). 
Again from the relation (|4.7p this can be rewritten as 

(4.15) ^1 = fl e{2) + E1+E2 + 2E3 + E1 + E2 + 2E3 . 

Concerning the base locus of the system |^i|, in contrast with the case of type I, we have 
the following. 

Proposition 4.6. Let Z\ and ££\ be as above. 

(i) The linear system \ has no fixed component. 

(ii) The two smooth rational curves {S^ Ei) and {S^ r\ Ei) are base curves of 

(In Figure [3l these curves are displayed as bold segments. Also, at this stage we do 
not prove that these are all base points of |^i|, although this is actually the case.) 

Proof. For (i), since Bs \ 2F\ = Ci U C2 U Ci U C2 on Z, it is enough to show that the 
exceptional divisors Ei and E2 are not fixed components of As before we use the same 
letter S to mean a smooth member of the original pencil \F\ and its strict transform into Zi. 
Then again since the restriction map H^{Zi,^i) — )• H^{S,^i) on Zi is naturally identified 
with the restriction map H^{Z, 2F) H^{S, 2F) on Z, the former map is surjective by the 
exact sequence ()2.8p . Therefore, since the linear system l^ilsl is base point free by Lemma 
12.181 (ii), we obtain that has no base point on the strict transform S. Hence noting 
that El and E2 actually intersect S, these cannot be a fixed component of and we 

obtain (i). 

For (ii), in a similar way to (I4.9p -( HTT2]1 . we can calculate the intersection numbers of 
the line bundle .ifi with curves on the exceptional divisor Ei which generate H'^ {Ei , Z) . 
Consequently under the same notation as before, we obtain 

(4.16) ifib, ~ ^(1,0) - A3, ^i\e, ^ ^(1,1) -A2, ^1^3 ~ 

In particular, if we temporary write Ci = fl Ei in this proof, from the first one, we 
obtain (^1, CijZi = —1- Hence Ci is a base curve of |^i|. By reality Ci = n Ei is also 
a base curve of |^i|. □ 

By Proposition 14. 6^ let ^2 '■ Z2 ^ Z\ be the blowup at the base curves {S^ n ii^i) U 
(5^ ^E\)^ and D and D the exceptional divisors over n E\ and n E\ respectively. 
(See the lower right in Figure El) From the normal bundle of the curves inside Z\, we have 
Z) ~ ~ Fl. We define a line bundle over Z2 by 

^2 := fi*2^i-{D + D). 

The morphism ij,2 induces an isomorphism H^{.^2) — H^{-^i)- Let f2'- Z2^ Z\^ CP^ be 
the composition morphism. Then the relation ()4.15p is valid for ^2 if we replace f\ with /2 
since only E\ U E\ include the center of ^2; and the coefficients in (j4.15p of these divisors 
are one. (But note that on Z2 the surfaces S'^ and E\ are separated by D as displayed in 
the lower right in Figure O) The next proposition implies that the blowup [I2 terminates 
an elimination of the anticanonical system of Z in the case of type II: 

Proposition 4.7. The system \^2\ on Z2 is base point free. 
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Figure 3. The blowups for the case of type II. 



Proof. Again we use the same letters to mean the strict transforms into Z2 and compute 
the restriction ^2\Ei for 1 < i < 3. The linear system |^(1, 0) — A3I on Ei in (j4.16p consists 
of the unique curve D Ei, which is exactly the center of /X2- Therefore by (j4.16p . we 
obtain that ^2 is trivial over Ei. Since the center is disjoint from £"3, the third one in (j4.16p 
implies that ^2 is still trivial over E^. On the other hand, noting that the divisor E2 in Zi 
is blown- up at a point by fi2 and its exceptional curve is -Dni?2 (see the lower right in Figure 
[3]), we obtain from the middle of ()4.16p that ^21^2 is isomorphic to ^(1, 1) — A2 — (-DPI £'2)- 
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Thus we have obtained 

(4.17) ^2\e, ^ J^2\e2 ^ ^(1, 1) - A2 - P n ^2), ^2\e^ ^ 

On the other hand, any exceptional divisors Ei or Ei are not fixed components of the system 
1^2! by Proposition 14.61 (i). Therefore by the first and the third one in ()4.17p . the divisors 
E\ and £'3 must be disjoint from Bs \.^2\- In particular, as Bs |2F| = Ci U C2 U Ci U C2, 
we have Bs 1^2! C £;2 U E2 U L> U 1). Next we see that (Bs \^2\) n £^2 = 0- Since has 
no fixed point on any smooth fiber of f\ as shown in the proof of Proposition 14.61 the same 
is true for \^2\ for any smooth fiber of /2. On the other hand, from the second one in 
(j4.17p . we obtain that the system \.^2\ei\ is a pencil without a base point and it induces 
a surjective morphism E2 CP^. Further the intersection S H Ei belongs to |(^(1,0)| for 
S G 1/2 '^(1)1 before and hence intersects any fiber of the morphism E2 CP^. These 
imply that (Bs \^2\) n £2 = as claimed. 

Finally we show that (Bs \^2\) H D = 0, which is more difficult. For this we first notice 
from the lift of (|4.15p to Z2 and Figure [3] that the restriction ^2\d is isomorphic to ^/)(£'i + 
£2)- The intersection EiOD and £2 Hi? are a (— l)-curve and a 0-curve in D respectively 
(see the lower right in Figure [3]). Recalling D ~ Fi, these imply that ^2\d is isomorphic 
to the pullback of the line bundle (^£^2(1) by the blowdown D — )• CP^. Therefore in order 
to show (Bs 1^2!) n D = 0, it suffices to prove that the rational map associated to \^2\, for 
which we denote by ^2, satisfies dim<I>2(-C) = 2. We show this by proving that the image 
<I>2(-D) contains two distinct lines. 

From the construction $2 factors as Z2 ^^—^ Z % CP"^. Therefore the image of $2 is the 
scroll Y = 7r~^(A). Moreover each fiber of the fibration /2 : ^2 — ^ CP^ is mapped (by $2) 
to a fiber plane of the projection vr : Y — >■ A by the diagram (12. 9p . Now we show that the 
image ^2{S^) is a line. By the lift of ()4.15p . temporary writing Ci = CiEi for i = 2, 3 on 
Z2 and recalling that we have subtracted the divisor D when defined ^2, we clearly have 
(see the lower right in Figure [3]) 

(4.18) ^2\s- - ^53- {C2 + 2C3 + A3). 

From this it is easy to see that the system [.^215- [ is a pencil without a base point, and the 

associated morphism — > CP"*^ has the curves D n and D f] as sections. (In the 
lower right of Figure El fibers of the morphism — > CP^ are indicated as gray curves.) 
In particular, if the restriction H^{Z2, ^2) — > H^{S^,^2) — were not surjective, the 
system \^2\ would have base points along a fiber of the morphism — )> CP^. But this 
cannot happen since we already know Bs |^2| C DUD. Therefore the above restriction map 
is surjective. This implies that (Bs \^2\) CiS^ = ^ and ^2{S^) is a line. Hence ^2{S^ PI D) 
and $2(5"^ n D) are also the same line. In particular <I>2(-D) contains the line $2(5'^)- 

By the real structure, ^2{S^) is also a line, and this can also be written alternatively as 
^2(3^ n D) by taking the conjugation of ^2{S^) = ^2(8^ (ID). This implies that ^>2(-D) 
contains the line $2(5'^^) too. If the two lines $2(5'^) and $2(5*^) coincide, the image 
$(5^ U 5^) would be a 1-dimensional linear subspace of the plane P3. This implies that 
the kernel of the restriction map H^{Z,2F) — )• H^{S^ U S^,2F) is 3-dimensional, which 
contradicts h^{F) = 2. Thus the two lines ^2{S^) and $2('S'3') are distinct. Hence ^2{D) 
actually contains two lines. Therefore ^2{D) = CP^, and we finally obtain (Bs \^2\)f^D = 0. 
Thus we conclude Bs \^2 \ = 0, as claimed. □ 
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By Proposition 14.71 the rational map ^2 ■■ Z2 ^ Y C CP^ associated to l^al IS a 
morphism. For restrictions of $2 to reducible fibers of the fibration /2 : -^2 ~^ CP^, we have 
the following interesting behavior. 

Proposition 4.8. Let ^2 '■ Z2 ^ Y C CP^ be the morphism induced by the free system 
1^2! CLS above. 

(i) On the two reducible fibers U and 5^ U 5*2^, ^2 is birational over the plane Pi 
and P2 respectively on each irreducible component. Further, the image of the twistor 
line Li = fl S~ (i € {1, 2}) is a conic in the plane. 

(ii) <^2(5'3') and (^2{S^) CLf^ mutually distinct lines in the plane P3. 

In terms of the original map ^ : Z ^ CP^, the above (in) means that the anticanonical 
map contracts and to lines. The existence of such divisors is a major difference 
between the case of type I. 

Proof of Proposition \4.8[ The assertion (ii) is already shown in the final part of the proof of 
Proposition For (i), since $2 is a morphism by Proposition UTTl from the commutativity 
/2 = vr o $2 : Z2 — )• y — )• A, we have the coincidence ^2{S^ U 5~) = Pi for z E {1,2}. Then 
since ^2 ■ Z2 ^ Y is of degree two, it follows that $2 is birational over the plane Pi on each 
5+ and for i G {1,2}. □ 

The morphism <^2 maps the exceptional divisors of the birational morphism Z2 Z as 
follows. 

Proposition 4.9. Let ^2 '■ Z2 ^ Y C CP^ be the morphism associated to \^2\ as above. 

(i) <^2{Ei) = $2(^3), ^2(^1) = ^2(^3) and {$2(^1), ^2(^1)} = {q,q}, where q andq 
are the two points B Dl as before. 

(ii) $2(^2) = ^2(^2) = 1. _ 

(iii) <I>2(-D) = ^2(0) = P3, and ^2 is birational on D and D. 

Proof. We first show (ii). As remarked in the proof of Proposition 14.71 the restriction 
\^2\e2 \ is a pencil without a base point (see (|4.17p l and the restriction map H^{Z2, ^2) 
H^{E2,^2) is surjective. These mean that $2(-E'2) is a line. We show that this line is 
exactly the ridge /. For any non-singular fiber 5 of /2, *I'2|s' is naturally identified with the 
bi-anticanonical map of S as before, and S (1 E2 is exactly the component C2 of the cycle 
C, which is mapped to a line by Lemma 12.181 (v). Since the last line is independent of the 
choice of S, the line must be the intersection of fiber planes of the projection vr : y — )• A. 
Thus ^2iE2) = I- Hence since I is real, E2 is also mapped to the same line, and we get (ii). 

Since ^2 is trivial on Ei and as in (I4.17p . each of these are mapped to a point by 
<I>2. As i?i n -Es / 0, these points must coincide. Because ^2{E3) = ^{Cs) and the latter 
is exactly the point g or g on / as in the proof of Proposition 14. 2| by Lemma 12.181 (iv) and 
(vi) we obtain ^2{E3) £ {q,q}- Hence by the real structure, we obtain the assertion (i) of 
the proposition. Finally (iii) is already shown in the final part of the proof of Proposition 
1321 □ 

4.3. Elimination of the base locus — the case of type III. Let Z he a double solid 
twistor space on 4CP^ which is of type HL The elimination of the base locus of the anti- 
canonical system \2F\ in this case can be obtained basically in the same way to the case of 
type n. So proofs are partially sketchy. 
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By LemmaE^Il the pullback system \^1{2F)\ has the divisor E1 + E2 + E3 + E1 + E2 + E3 
as fixed components at least. Hence we put 

ifi := fil{2F) - {El + E2 + E3 + E1 + E2 + E3) 

(4.19) ~ /i*^(2) +E1+E2 + ES + 2E4 + E1 + E2 + ES + 2E4, 

where /i : Zi — )• CP^ is the morphism associated to \fJ-iF — E\. We have a natural isomor- 
phism H^{2F) ~ H^{^i). Then analogously to Proposition 14.61 we have the following 

Proposition 4.10. Let J^i he the line bundle over Z\ as above. 

(i) The system \^\\ does not have a fixed component. 

(ii) The following four smooth rational curves 

(4.20) S+DEi, str\E2, S^nEi, S^nE2 

are base curves of \££\\. (Note that the first two curves intersect and the same for 
the last two curves; see Figure [H) 

Proof. The assertion (i) can be seen in completely analogous way to the proof of Proposition 
14.61 (i). (We just use Lemma 12.111 (ii) instead of Lemma 12.181 (ii).) For (ii), in a similar way 
to (j4.9p ~ (j4.12p . we can compute intersection numbers of the line bundle =Sfi with curves on 
the exceptional divisor Ei, by using ()4.19p . From them we can deduce that the restrictions 
of the line bundle ^1 on Ei are concretely given by 

(4.21) ^i\e, ^ ^(1,0) -A4, ^i\e, ^ ^(1,0), ^i\e, ^ ^(1,1) - A3, ^i\e, ^ 

From the first and the second ones, we obtain that the intersection numbers of ^\ with the 
four curves (I4.20p are —1,0, —1,0 respectively. These imply the assertion (ii). □ 

Let Z\ — )• Z\ be the blowup at the base curves (I4.20p . and D\ and D2 the exceptional 
divisors over the curves fl E\ and PI E2 respectively. From the normal bundles, we 
obtain 

(4.22) Z^i^Fo, D2^^x. 

The variety Z\ has ordinary nodes over the singular points of the center of the last blowup, 
which consist of two points in total. Let Z2 Z\ be the small resolution of these two nodes 
as displayed in Figure H] (the up-arrow in the lower right). Let [12 '■ Z2 ^ Z\ ^ Z\ and 
/2 : ^2 ^ ^ A be the compositions. Then by the last small resolution D\ is blown up 
at a point, while D2 remains unchanged. We again use the same letters to denote the strict 
transforms of these divisors into Z2, and define a line bundle ^2 over Z2 by 

££2 ■■= fi*2-^i - {Di +D2 + D1 + D2). 
Then similarly to Proposition 14.71 we have 
Proposition 4.11. The system j^2| on Z2 is base point free. 

Proof. By Proposition 14.101 (i) the divisors Ei and Ei are not fixed components of |^2| for 
any 1 < i < 4. From (|4.2ip . we have r\Ei G l-Sfil^J and nE2 € li^ibal- From these 
it follows that 

(4.23) ^2bi ^ ^, ^2\e2 ^ ^, ^2^3 - ^(1, 1) - A3 - (^3 n D2), ^2\e, ^ ff. 

These imply that the system \^2\ does not have a base point on Ei,E2 nor £^4. Hence, as 
Bs|2F| = C1UC2UC3UC1UC2UC3 on Z, we have Bs 1^2! £ £^3 UL>i □^2 u:E3 U^Di u;D2. 
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Figure 4. The blowups for the case of type III. 
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Moreover, from the third one in ()4.23p the system \^'2\e^\ is a base point free pencil, and 
the intersection number with ^(1,0) (on E-^ is 1. Therefore, since \^2\ does not have a 
base point on a smooth S G which restricts to ^(1,0), it fohows that |^2| does 

not have a base point on £^3 too. 

Let ^2 ■■ Z2 ^ Y d be the rational map associated to |-22|- It remains to see 
that there is no base point on D\ nor D^- By (j4.22p . D2 is biholomorphic to one point 
blownup of CP^. Further, from the hft of (|i39l) to Z2, we can deduce that .^2 1 1)2 is again 
isomorphic to the pullback of by the blowdown D2 — ?• CP^. Also from the lift, it 

is immediate to see from Figure H] that the restrictions of ^£2 to the divisors and D\ 
are respectively isomorphic to the pullback of ^{-pi(l) by surjective morphisms — > CP^ 
and D\ — >■ CP^, and that the two curves H D2 and S'^ PI Di are sections of the former 
morphism — >■ CP^. Furthermore the curves (S^flDi and are sections of the latter 

morphism D\ CP^. (In Figured] fibers of these morphisms from S~l and D\ are indicated 
by gray curves.) From these we obtain that the restrictions of <I>2 to and D\ are exactly 
the above morphisms to CP^, and that the images <I>2('S'4r) and ^>2(-Di) are lines in the plane 
P4. In particular we have (Bs |^2|) n Di = 0. We also have ^2{S^) = $2(5'^ n^Di) and 
^2{E)\) = ^2{E)\ n D2) = ^2{S^ n D\). From the former, by taking the image under the 
real structure, we obtain ^>2(5'|) = $2(5*1 n L>i). But by the latter this can be written 
as $2(-Ci). Therefore the above two lines in P4 can be rewritten as ^2{.S1) and ^2[.S\) 
respectively, which means that they are distinct. Thus the image ^2{P'i) contains two 
distinct lines. Hence <&2|z)2 ■ -^2 — ^ '^2iJ)'i) is just the blowdown of the (— l)-curve D2 □£'2. 
In particular, (Bs |^2|) n L>2 = 0- Hence we obtain Bs \££2\ = 0- □ 

By the proposition, the map $2 : 2'2 ^ y C CP"^ associated to |^2| is a morphism. 

Proposition 4.12. For the images of divisors on Z2 under the morphism ^2, we have the 
following. 

(i) If i ^ {1,2,3}, the restrictions of ^2 to the divisors and S~ are hirational over 
the plane Pi. Moreover, the image ^2{Li), where Li is the twistor line H as 
before, is a conic in the plane. 

(ii) ^2(3 f) and ^2{S^) are lines in P4, which are mutually distinct. 

(iii) Ifi € {1,2,4}, it holds {^2{Ei) , ^2iEi)} = {q,q}, where q andq are the intersection 
B nl as before. 

(iv) $2(£^3) = $2(^3) = 1- _ 

(v) ^2{Di) = ^2{St) and ^2{Di) = $2(5'^') (which are lines by (ii) 

(vi) <I>2 maps the exceptional divisors D2 and D2 birationally to the plane P4. 

Proof. The claims (ii), (iii), (v) and (vi) are already proved in the proof of Proposition 14.11] 
The assertions (i) and (iv) can be shown in a similar way to Proposition 14. 51 and Proposition 
14.91 (ii) respectively. □ 

4.4. Elimination of the base locus — the case of type IV. An elimination of the base 
locus of the anticanonical system on Z in the case of type IV can be given in a similar way 
to the case of type III. So we just mention key facts required in the proofs. 

By Lemma [2.81 the pullback system \fil(2F)\ has the divisor Yli=i{Ei + Ei) as fixed 
components at least. Let be the line bundle obtained from the pullback /iJ(2F) by 
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subtracting this divisor. By the relation (j4.7p . we have 

4 

(4.24) ^1 ~ /*^(2) + Y,{E, + Ei) + 2{E^ + E^). 

i=l 

Proposition 4.13. Let J^i he the line bundle over Z\ as above. 

(i) The system \££\\ has no fixed component. 

(ii) The connected curves 

(4.25) n (^1 U ^2 U S3) and n [Ei U Eg U E^) 

are base curves of\££\\. (See Figure [H) 

Sketch of a proof. The assertion (i) is easy. For (ii), by similar computations to ()4.9p - ()4.12p 
we can deduce 

(4.26) ^ib, - ^(1,0) -As, ^ib, ~^(1,0), ^1^3-^(1,0), 

^iIe, ~^(1,1)-A4, ^ibs-^- 

From these we obtain 

(4.27) (^1 , n El) = -I, (^1 , S5- n E2) 2^ = (ifi , n i?3) = 0. 

These imply the assertion (ii). □ 

Let Zi — 7> Zi be the blowup at the curves (|4.25p . Let Di,D2 and D3 be the exceptional 
divisors over the curves fl Ei , fl E2 and S"^ fl £'3 respectively (see Figure [5]) . We have 

(4.28) Di^D2^¥o, 1)3 -Fl. 

The variety Zi has ordinary double points over the singular points of the curves (I4.25p . 
These consist of four points in total and are indicated as dotted points in Figure [5l We take 
small resolutions of these ODP-s in a unique way that each of E2 and £'3 (and hence E2 
and £3 also) is blown-up at one point (Figure [5|). Let Z2 — > Zi be the resulting birational 
morphism. Let fi2 '■ Z2 Zi Z\ be the composition, and define a line bundle ^2 
over Z2 to be the line bundle obtained from the pullback ^2-^1 subtracting the divisor 
^^^^(Dj + Dj), where we are using the same letters to denote the divisors in Z\ and their 
strict transforms into Z2. Then we have: 

Proposition 4.14. The linear system \^2\ over Z2 is base point free. 

Outline of a proof. Since the restrictions of .^1 to the divisors Ei, 1 < i < 3, are exactly 
equivalent to the curves ()4.25p by (j4.26p . the transformation ^2 is trivial over the strict 
transforms of these divisors into Z2 . Therefore »Sf2 1 — ^ fori G {1,2,3,5}. By Proposition 
ITOl (i), this means that (Bs |^2|) n {Ei UE2U E3U £5) = 0. Hence Bs \^2\ C £4 U L»i U 
£'2 U 1)3 U £4 U U ^2 U 1^3. Further we have 

(4.29) i^2b4-^(l,l)-A4-(£4nL'3)- 

Since (Bs|^2|) n5 = for a smooth S G |/2*^(1)| and S n E4 e |^(1,0)|, this means that 
(Bs 1^2!) n £4 = 0. Also, if we temporary write curves on (c Z2) by Ci = fl Ei and 
Ci = f] Ei for i G {4, 5}, by using the lift of the relation ()4.24p to Z2, we have 

(4.30) -^213- - ^s- ('^4 + 2C5 + Ci). 
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Figure 5. The blowups for the case of type IV. 
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From this, the system \^2\s- I ^ base point free pencil, whose members are not contained 
in Di U D2 U D3. (Members of this pencil on 5^" are illustrated as gray curves in the 
lower right of Figure E) Therefore since Bs |^2| C Di U -D2 U Lis U U 1^2 U I^s , we 
obtain (Bs \^2\) = 0. At the same time, if ^>2 : ^2 ^ ^ C CP"' denotes the rational 
map induced by 1^21, we obtain that (^2{S^) is a line. In a similar way to the proofs of 
Propositions 14. 7l and 14 . 1 Ij we can show that the two lines $2('S'5~) and f^2{S'^) are distinct by 
using h^{F) = 2. Moreover from th above lifted expression for ^21 we see that the system 
|-^2|dJ, i £ {1)2}, is a base point free pencil, and hence induces a surjective morphism 
Di — > CP^. (Fibers of these morphisms are indicated by gray curves in the lower right of 
Figure O) Furthermore the curves Di n and D2 H Di are sections of the two morphisms. 
This implies that if the restriction map H^{Z2, ^2) H^{Di,^2) is not surjective for 
i = 1 or i = 2, then (Bs |.i^2|) n 5^ / 0. This contradicts {Bs\^2\) ri = ^ which was 
already obtained. Hence the last restriction map is surjective for i € {1,2}. Therefore 
Bs|^2| C D3 U D3. At the same time we also obtain that $2(^1) and ^2(02) are lines, 
both of which are identical to <I>2(5'5^)- Finally the lifted expression for ^2 means that 
^2\d3 is of the form 7/*^(l), where : D3 ~ Fi — )• CF^ is a blowdown. From the above 
argument the image ^2{D^) contains two distinct lines <I>2('S'5^) and <I>2(S'5^). This means 
that ^2(03) is 2-dimensional. Hence (Bs \^2\) H = and $2|d3 can be identified with 
rj. Hence (Bs |^2|) n L>3 = 0, and we have obtained Bs \^2\ =0- □ 

All the following properties concerning behavior of the morphism $2 on divisors on Z2 
are in effect shown in the above proof: 

Proposition 4.15. The morphism ^2 '■ Z2 ^ Y C CP^ associated to the free system \^2\ 
satisfies the following properties. 

(i) -(/ 1 < ^ < 4, the restrictions ^2\s+ '^^'^ *^2ls- are birational over the plane Pi. 
Moreover the image <I>2(-^i) is a conic in the plane. 

(ii) The images ^2{S^) and <I>2(5'5') are mutually distinct lines in the plane P5. 

Proposition 4.16. The morphism ^2 fulfils the following properties. 

(i) ^>2 maps the two connected divisors U Ei L) E2 U E3 and E^ U Ei L) E2 Li E^ to 
the two points q and q on the ridge I. 

(ii) $2(^4) = $2(^4) = 1. _ _ 

(iii) $2(^1) = ^2(^2) = '^2(3^) and ^>2(^i) = '^'2(^2) = '^2{S^)- (These are distinct 
lines by Proposition \4-l3\ (ii).) 

(iv) The restrictions ^2\d3 and ^2\£j^ are birational over the plane P5, and these can be 
identified with the blowdown Fi — >■ CP^. 

5. Defining equation of the quartic hypersurface 

The goal in this section is to obtain the defining equation of the quartic hypersurface in 
CP which cuts out the branch divisor of the anticanonical map ^> : Z ^ y C CP^ of the 
double solid twistor spaces on 4CP^ for arbitrary type. 

5.1. Reducible members of the anticanonical system. In this subsection we show that 
on twistor spaces of double solid type which are of type I, II or III, there exist particular 
reducible members of the anticanonical system. (For the case of type IV there does not 
exist such a member.) These anticanonical divisors will bring a strong constraint for the 
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form of the defining equation of tlie quartic hypersurface. We show the existence of these 
divisors by exphcitly giving the chern class in which their irreducible component belongs. 
For this, in order to obtain concrete basis of the cohomology group H'^{Z,7j), we make use 
of the smooth member S in the pencil \F\. Recall that as explained in Section [2] there is a 
birational morphism e : 5 — t- Fq. 

First we discuss the case of type I. For this case as in Section [2.51 we can suppose that 
the morphism e blows up only smooth points of the (2, 2)-curve Ci + C2 + Ci + C2 on 
Fq. Further, e blows up three points on Ci € |^(1,0)| and one point on C2 G |^(0, 1)|. 
Let Si, i G {1,2,3}, be the exceptional curve intersecting the curve Ci C S", and 64 the 
exceptional curve intersecting the curve C2 C S. We have (e,, Ci)s = 1 for i G {1, 2, 3} and 
(e4,C2)s = 1- Next let {oj 1 1 < z < 4} be orthonormal basis of /f2(4CP^,Z) determined 
from {61,62,63,64} by the condition that, letting t : Z ^ 4CP'^ be the twistor fibration, 
t*0(i\s = Si — Si holds in H'^{S,Z). Then the collection {F,t*ai,t*a2,t*a3,t*a4} spans 
the real cohomology group H'^{Z,'R) ~ M^. Under these settings we have the following 
proposition. 

Proposition 5.1. For each i G {1,2,3} (not including A), the linear systems \F + t*ai\ 
and \F — t*ai\ consist of a single element respectively. Moreover, all these six divisors are 
irreducible. 

Proof. In this proof for simplicity we write a, for t*aj. By the real structure, it is enough 
to prove the claim for the latter system |F — ai|. Fix any i G {1, 2, 3}. We then have 

{F -a^)\s = Ks^ -{ci-Ci) 

4 

= 6*^(2, 2) - J^(e,- + 6,) - {ci - 6,) 
i=i 

(5.1) =(e*^(l,0)-^ 6j) + (e*^(l, 2) -6^- 64 - 64 - ^i)' 

i<i<3 i<i<3,jyi 

From this, the intersection number of {F — ai)\s with the curve Ci ~ e*^(l,0) — X]j=i 
is easily computed to be (—2). Hence Ci is a fixed component of \{F — ai)\s\. Further 
counting dimension, the remaining system \e*ff{l, 2) — 6^ — 64 — 64 — Yl^j=i j^i'^jl consists of 
a single member, which is the strict transform of a (1, 2)-curve passing through the 5 points 
e(6i), 6(64), 6(64) and e{ej) with 1 < i < 3 and j / i. Thus we have h^{{F — ai)\s) = 1, and 
also that if X G — aj| denotes the unique member of the system, then the intersection 
X\s has a component which is not contained the cycle C. 

Next let s G H^{F) be an element such that (s) = S, and for i G {1,2,3} we consider 
the obvious exact sequence 

(5.2) &z{-ai) ^ F®&z{-ai) {F - ai)\s 0. 

By Riemann-Roch formula we have x{^z{—Oii)) = and by Hitchin vanishing [6] we have 
H'^i^zi-oti)) = 0. Also i?°(^z(-ai)) = H^{^z{-ai)) = by a trivial reason. Hence 
we obtain H^{ff z{—oti)) = 0. Thus by the cohomology exact sequence of ()5.2p we obtain 
/i°(F - Oi) = /i°((F - ai)\s). Therefore we obtain h^{F - ai) = I for i G {1,2,3}. 

To see the irreducibility of the unique member of \F — ai\, let X be the member. Then 
as X is of degree-two, if X is reducible, it consists of two degree-one divisors. As Sf and 
are all degree-one divisors on Z, the intersection X\s must be contained in the cycle C. 
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However, as we have seen above from (jS.ip the intersection X\s has a component which is 
not contained in the cycle C. Therefore X cannot be the sum of degree-one divisors and 
hence irreducible. □ 

Next we consider the case of type II. In this case as in the proof of Proposition 12.171 we 
decompose the birational morphism e : S — )■ Fq in a way that only ei blows up a singular 
point of the curve C1 + C2 + C1 + C2 on Fg. We can suppose that the pair of blowup points 
of ei is {C2 n Ci, C2 n Ci}. This means that the (— l)-curves C3 and C3 are the exceptional 
curves of ei. Then under the self- intersection numbers (j4.2p . £4 o 63 o £2 blows up two points 
on Ci and one point on C2, all of which are smooth points of the cycle. Let ei and 62 be 
the exceptional curves of the blown- up points on Ci, and 64 the exceptional curve of the 
blownup point on C2. Let 63 be the exceptional curve of the point C2 H Ci. Then we have 

(5.3) 63 = ^3, (ei,Ci) = (62, Ci) = 1, (64, C2) = 1. 

Next let {01,02,03,04} be orthonormal basis of //^(4CP^,Z) which are uniquely deter- 
mined from {61,62,63,64} via the twistor fibration t : Z — )• 4CP^ as in the case of type 
1. 

Proposition 5.2. For each i € {1,2}, the linear systems \F + t*ai\ and \F — t*ai\ consist 
of a single element respectively. Moreover, all these four divisors are irreducible. 

Proof. We again write Oj to mean t*Oj. We first show that h^{{F — ai)!^) = 1. If we 
write (a, 6) := e*^(a, 6) G -ff^(5, Z), from ()2.5p and (j5.3p we have the following relations in 
H^{S,Z): 

Cl = (1, 0) - 61 - 62 - 63, C2 = (0, 1) - 63 - 64. 

By using the former, we compute as 

{F-ai,Ci)z = {K-^ -{ei-ei), (1, 0) - ei - 62 - 63)5 

= ((2, 2) - 261 - 62 - 63 - 64 - 62 - 63 - 64, (1, 0) - 61 - 62 - 63)5 

= 2 + (-2 - 1 - 1) = -2. 

Hence the curve Ci is a fixed component of the system |(F — oi)|5|. In a similar way we 
further find ((F — ai)!^ — Ci, C2)s = — 1, meaning that C2 is also a fixed component of the 
same system. We then have 

(5.4) (F - Ol)|5 - Cl - C2 = (1, 1) - 61 - 62 - 64. 

Now, since the points e(6i), 6(62) and 6(64) are smooth points on the cycle Ci + C2 + C1 + C2 
on Fq, there exists a unique member of the linear system (j5.4p . and it is not contained in 
the cycle C. Thus we get h^{{F — oi)!^) = 1, as claimed. In the same manner, we 
obtain {{F - 02)|s, Ci)s < 0, ((F - 02)!^ - Ci, 02)3 < and (F - 02)|s - Ci - C2 = 
(1, 1) — 61 — 62 — 64, which again imply h^{{F — 02)1^) = 1. We also obtain that the unique 
member of |(F — 02)151 is not contained in the cycle C. 

Thus we have obtained h^{{F — ai)\s) = 1 for i € {1,2}. Then the same argument 
using the exact sequence (j5.2p and Hitchin vanishing theorem implies h^{F — Ui) = 1. The 
irreducibility of the unique member of |F — aj| (i € {1, 2}) can be also obtained in a similar 
way to the proof of Proposition 15.11 by using the fact that the unique member of the system 
1-^ ~ Oii\s\ has a component which is not contained in the cycle C. □ 
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Finally we consider the case of type III. For this case, we can choose the exceptional 
classes of e : 5" — )• Fq in such a way that the irreducible components of the anticanonical 
cycle are given by 

(5.5) Ci = (1,0) - ei - 62 - 63, C2 = (0, 1) - 62 - 64, C3 = 62 - 63, C4 = 63 

in H'^{S, Z). As before let {ai, 02, as, 04} be orthonormal basis of ij2(4(Cp2^Z) determined 
from {ei, 62, 63, 64} via the twistor fibration t : Z ^ 4CP^. 

Proposition 5.3. For the case of type III, under the above choice of the basis 0/ //^ (4CP^ , Z) , 
the linear systems \F + t*ai\ and \F — t*ai\ consist of a single element respectively. More- 
over, both of these divisors are irreducible. 

Outline of a proof. By computing intersection numbers, utilizing (j5.5p . we can show that 
|(F — ai)|s| has Ci + C2 + C3 as fixed components. This system has a unique member, 
and the member has a component which is not contained in the cycle C. Then by the same 
argument for Proposition 15.11 using the exact sequence ()5.2p we deduce h°{F - ai) = 1. 
The irreducibility of the unique member of the system \F — ai\ can be readily derived as 
in the proof of Proposition 15.11 □ 

5.2. Finding double curves on the branch divisor. As before let $ : Z — > y C CP^ 

be the anticanonical map of a twistor space on 4CP^ of double solid type, and B the branch 
divisor of <1>. By Theorem l3.51 B is an intersection of the scroll Y with a quartic hypersurface 
in CP^. Let D be an irreducible divisor on B. We say that a curve 'i^' in is a double curve 
with respect to the divisor D if the restriction B\£) is a non-reduced curve of multiplicity 
two. Geometrically this means that D touches B along the curve 'if. In this subsection, 
we will find five double curves on B, regardless of the type of Z. These double curves will 
bring a strong constraint for the form of the defining equation of the quartic hypersurface. 

The double curves we are going to consider consist of two groups. We begin with the 
first one. We use the notations in Definition 14.11 By the commutative diagram (12. 9p . for 
each reducible member + S^^ G we have ^~^{Pi) = U . If Z is of type I, by 
Proposition 14. 5| the anticanonical map ^> gives by restriction the birational maps — >■ Pi 
and S~ — 7> Pi for i G {1,2}. Further, by the same proposition, the image := ^{Li) of 
the twistor line Li is a conic in the plane. Since B\p. is a curve of degree four, these imply 
that the conic "i^j is a double curve with respect to the plane Pi for i € {1, 2}. Thus in the 
case of type I we have obtained two double curves '^i and '^2- For the case of type II, by 
Proposition 14.81 this time, the images 'i^i = ^{Li) and "^2 = ^(^2) of the twistor lines are 
conies in the planes Pi and P2 respectively, and these conies have to be double curves with 
respect to the planes by the same reason to the case of type I. Similarly, for the case of 
type III (resp. type IV), by Proposition 14.121 (resp. Proposition I4.15p . = ^{Li) is a conic 
in Pi for i £ {1,2,3} (resp. i G {1,2,3,4}) and these are double curves with respect to Pi. 
Regardless of the types, we call these double curves as double conies. We have, for each 
double conic 

(5.6) <^i = BnP„ 
as sets. 

On the other hand, for the case of type II, III and IV, by Propositions 14.81 [4. 121 and [ 4. 151 
respectively, the remaining reducible member of \F\ in each case is mapped by <1> to two 
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lines on the plane. Namely if we put 



(5.7) 


"^3 






C P3 


for the case 


of type II, 


(5.8) 




■■= Hst 




C P4 


for the case 


of type III, 


(5.9) 


"^5 


■■= Hst 




C P5 


for the case 


of type IV, 



then all these are a union of two lines. From the computations in Section |U the nor- 
mal bundle of and in the manifold Z2 is degree —2 along fibers of the restriction 
$2 1 5+ : S^' U S~ '^i. This means that the above curves ^3 in the case of type II, 
"^Ci in the case of type III, and "^5 in the case of type IV, are double curves on the branch 
divisor B with respect to the planes P3, P4 and P5 respectively. We call these double curves 
()5.7p - ()5.9p as splitting double conic. In the case of type I, there is no splitting double conic. 

Next we present double curves in the second group. First for the case of type I, by 
Proposition 15. 1^ there exist exactly three reducible anticanonical divisors on Z, each of 
which consists of two irreducible components. Let X3 + ^3,^4 + X4 and + X5 be these 
three divisors. Similarly, for the case of type II, let X4 + X4 and X^ + X5 be the two 
reducible anticanonical divisors found in Proposition 15.21 and for the case of type III, let 
X^+X^ be the reducible anticanonical divisors found in Proposition [531 Let Xi+Xi be any 
one of these reducible anticanonical divisors, and Hi C CP^ the hyperplane which satisfies 
^^^{Hi) = Xi + Xi. Then the curve Xi n is a ramification divisor of the restriction 
^> : ^~'^{Hi) ^ HinY. Therefore the image 

^i ■.= <^>{x,nXi) 

is a double curve with respect to the cone HiOY. Then because i? is a cut of y by a quartic 
hypersurface, we have G | i^y n//, (2) | , where ffynH^C^) ■= ^cF''-i'^)\YnHi- Namely, these 
double curves are intersection of the quadratic cone Y Ci Hi with a quadric in Hi = CP^. 
Therefore these double curves are of degree 4 in CP^. So in the following we call these 
double curves as double quartic curves. From our choice of the hyperplanes in CP^, the 
double quartic curves can be written sets, 

(5.10) % = BnHi. 

Since B and Hi are real, these are real curves. 

We now display all the double curves we found for every types in the following table. 
The one associated by a dagger represents a splitting double conic: 





type I 


type II 


type III 


type IV 


double conies 




Wl , W2 , 63 


c/p c/p\ 
<& 1 ) <& 2 ) 3 ) 4 


OS' Gi' Gi' Gi' Q5'T 

^©2, i&3) '»45 


double quartic curves 






^5 




total number 


5 


5 


5 


5 



Note that the number of the double conies is always equal to the number of reducible 
members of the pencil \F\. 

5.3. Quadrics containing the double curves. Next we investigate quadrics in CP^ 
containing all the double curves found in the last subsection. For this purpose we first 
make it clear how the five double curves on B intersect each other. 

If '^i is a double conic, we have = B n Pj as sets by (j5.6p . Since i? fl / = {g, g} by (|4.6p 
and ^ C Pj, it follows that ^i^l = {(/,^}. Thus fl "^j = for any distinct double 

conies '^i and "^j. (See the left picture in Figure [6l) 
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Next we consider the intersection of two double quartic curves. Let be a double quartic 
curve and Hi the hyperplane which satisfies B n Hi = 'tfi as above. Then as seen above, 
we have G \i^YnHii'^)\- If is another double quartic curve and Hj is a hyperplane 
satisfying B n Hj = ^j^ we have 

(5.11) n = n (5 n Hj) = {% nB)n Hj = %r\ Hj. 

As '^i is a quartic curve, this means that the intersection '^i n ^j consists of four points. 
Further, since both and Hj are real, these four points consist of two real pairs. (See the 
right picture in Figure El) 

Finally we consider the intersection of a double conic with a double quartic curve. Let 
'^i C Pj be a double conic and 'ioj = B r\ Hj a double quartic curve. Then in the same way 
to (jS.lip , the intersection '^i n is a hyperplane section n Hj . This means that fl 
consists of two points, which are on the line PiHHj. Again since '^i and Hj are real, ^iCi^j 
is a real pair of points. (See the two pictures in Figure (H) 

Thus for the case of type I, the total intersection {^j r]'ifj\l<i<j<5} consists of 

• ^in<r2 = {g,g}. 

• %n ^j, = (3, 4), (3, 5), (4, 5). These consist of 12 points. 

• ^ifl^j, (i,j) = (1,3), (1,4), (1,5), (2, 3), (2, 4), (2, 5). These consist of 12 points. 

Hence the total intersection consists of 26 points. 

For the case of type II, the total intersection consists of 

• ^n^j, = (1, 2), (1, 3), (2, 3). These consist of just two points {q,q}. 

• n "^5. This consists of 4 points. 

• %n'^j, (i,i) = (1,4), (1,5), (2, 4), (2, 5), (3, 4), (3, 5). These consist of 12 points. 
Hence the total intersection consists of 18 points. 

For the case of type HI, the total intersection consists of 

• ^id 1 < i < j < 4. These consist of just two points {q,q}. 

• ^iCi^^, 1<«<4. These consist of 8 points. 

Hence the total intersection consists of 10 points. 

For the case of type IV, as there does not exist double quartic curves, the two points 
{q,q} are exactly the total intersection. 

With these information, we are now ready for proving the existence of the quadric: 

Proposition 5.4. Let Z be a twistor space of double solid type on 4CP^. Then there exists 
a quadratic hypersurface Q which contains all the double curves ^i, 1 < i < 5, and which 
is different from the scroll Y. 

Proof of Proposition \5^ for the cases of type I and type H. For these two types we can prove 
the assertion by a simple dimension counting. For the case of type I, we first consider all 
quadrics going through the following 8 points: 

(a) n '^2 (consisting of 2 points), 

(b) "^1 n % (consisting of 2 points), 

(c) ^2 n % (consisting of 2 points), 

(d) one of the two points 'i^i fl "^4, and 

(e) one of the two points '^2 n "^4. 

Since /i'^(CP^, i^(2)) = 15, these quadrics form at least (14 — 8 =) 6-dimensional linear 
system. Let Q be any quadric in this system. As (a)-(e) include 5 points on the conic 
"^1, the inclusion Q D follows. By the same reason, the inclusion Q D "^2 holds. These 
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Figure 6. The intersection of two double conies (left) and two double quar- 
tic curves (right). The left picture indicates all coordinate hyperplanes, 2- 
planes and lines, as well as double conies. In the right picture the upper and 
lower halves are the cones Y D H4 and Y respectively, on which the 
double quartic curves '(^4 and ^3 lie. The common numbers represent the 
same point, all of which are ordinary double points of B. 

trivially mean Q D C^in'^3)U('^2n%), Q D (^in^4)U('^2n'^4) and Q D (^in'^5)uC^2n'r5). 
We next impose the constraint Q D '^3n'^4. Since '^3n'^4 consists of 4 points as above, these 
quadrics still form a linear system which is at least (6 — 4 =) 2-dimensional. Then from the 
first one of the above three inclusions, Q contains 8 points on ^3. Hence as (%, %)ynf/3 = 8, 
the inclusion Q D '^3 follows. By the same reason the constraint Q D '(^3 PI "^4 means Q D '^4 
and Q D '^5. Thus Q contains all the five double conies. Further we can choose Q which is 
different from Y since these quadrics form a 2-dimensional family at least. Thus we obtain 
the assertion in the case of type I. 

For the case of type II, we consider quadrics in CP^ which go through all the following 
12 points: 

(a) n '^2 (consisting of 2 points), 

(b) ^4 n '^5 (consisting of 4 points), 

(c) ^1 n "^4, and one of the two points '^1 fl ^5 (consisting of 3 points), 

(d) ^2 n "^4 (consisting of 2 points), 

(e) one of the 2 points ^2 H '^5 (consisting of 1 point). 

Again by dimension counting these quadrics form a 2-dimensional linear system at least. 
We can suppose Q ^ Y. We show that any quadric Q in this family contains all the five 
double curves. In fact, from (a)-(c), Q contains 5 points on the conic ^1, and hence Q D "^i. 
Further from (b)-(d), Q passes through 8 points on "^4, which means Q D '^4,. Furthermore 
from (a), (d) and (e), Q goes through 5 points on ^2, which means Q D '^2- This implies 
that Q passes through 8 points on '^5, and therefore Q D '^5. These mean that Q contains 
6 points on '^3, meaning Q D '^3. Thus the quadric Q contains all the five double curves. 
Hence we have shown the assertion for the case of type II. □ 

For the cases of type III and type IV, a similar dimension counting does not work for 
proving Proposition 15.41 and we need to derive a constraint for the double conies by using 
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the fact that all the double curves are lying on a common quartic hypersurface. Recall that 
for any double conic "^j we have 'rfiCil = {q, q} as shown at the beginning of this subsection. 
In particular, the tangent lines Tg'^j and Tg'^i of the conic are different from the line / itself. 

Lemma 5.5. Suppose that Z is of type III or type IV. Then there exists a 3- dimensional 
linear subspace V C TgCP^ = which satisfies Tq'^i C V for any double conic '^i on B. 

Proof. Let vi : Y Y he the blowup of Y along the line /, and Si the exceptional divisor. 
This Y is smooth and biholomorphic to the CP^-bundle P(^(2)®^ © ff) over the conic A. 
We have Si ~ Fq. As q,q G I, the pre-images i^f^(g) and i^i^{q) are isomorphic to CP^. 
Let U2 ■ Y' ^ Y he the blowup of Y along i^i^{q) U u^^{q), and S2 and S2 the exceptional 
divisors over 1^1^ (q) and I'l^iq) respectively. We readily have S2 ^ S2 ^ F2, and that the 
co-normal bundle ^S2(~S2) is represented by a (+2)-section of the ruling S2 — >■ CP^. 

Let TqY be the tangent cone of Y at q. For any v € TqY satisfying v (t I, we can 
consider a natural lift v to the blowup Y, which is an element of the tangent space T^^-^Y, 
where [v] € Si is the point represented by the tangent vector v. The vector v can further 
be lifted to a tangent vector v' on Y' . We denote [v'] G S2 for the initial point of Y' . 
Under these notations, we now show that, for any collection vi,V2,--- ,Vk of elements in 
TqY satisfying Vi I, these are linearly independent (as elements in TgCF^) if and only if 
the points [v[], [V2], • • • , [u^] G S2 belong to a common (+2)-section of the ruling S2 — )• CP^. 

For this let X be an intersection of Y with a hyperplane which goes through the point q 
but which does not contain the line I. A" is a quadratic cone in the hyperplane whose vertex 
is q. We write X := i^^^{X). Clearly i^^^{q) C X, and X G |zyj'^y(l)|. Let X' be the 
strict transform of X into Y' . Then X' G ji'lK'^yll) ~ ^2!- Since the line bundle i/^^y(l) 
is trivial over I'^^^q), we have -^'122 £ I ~ S2|s2l- Thus we have obtained the assignment 
X I—;- X'\-£2- above the last system is linearly equivalent to the class of (+2)-sections of 
the ruling S2 — F2 — )• CF"*^. Also we can show that the above assignment gives a bijection 
from the space of the hyperplane sections satisfying the above properties (i.e. X 3 p and 
X ^ I) to the complete linear system of (+2)-sections. Therefore, the above criterion for 
the linearly dependence follows. 

Thus in order to prove the assertion of the lemma, it is enough to show that all the points 
on S2 determined from the tangent line Tq'rfi of the double conies belong to a common (+2)- 
section on S2. To show this recall that all the double conies are lying on the branch divisor 
B, and B is an intersection of Y with a quartic hypersurface in CP^. In particular we 
have B G |^y(4)|. Hence the inverse image B := ^^^{B) belongs to |z^i €?'y(4)|. Clearly 
{q)\Ji'^^ (q) C B, and further, since we are considering the case of type III or type IV, the 
divisor B has A2- or ^3-singularities along 1/^ {q)Ui/^ (q) according to the type respectively. 
Hence the strict transform B' of B into Y' belongs to the system Iz/^z^i i^y (4) — 2S2 — 2S2I, 
and moreover -B'|s2 is a non-reduced curve of multiplicity two. Since B'\^^ G | — 2S2IS2I) 
this implies that the set theoretical intersection B' n S2 is a (-|-2)-section of S2 — s- CP^. 
Therefore since the strict transforms of the double conies are clearly contained in B' , we 
obtain the claim of the lemma. □ 

Proof of Proposition \5.4\ for the cases of type III and type IV. Let V he the hyperplane in 
Lemma 15.51 and V the image of V under the real structure on CP^. Then since any double 
conic 'loi is real, the hyperplane V satisfies Tq'ioi C V for any double conic "^j. 
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For the case of type III, we consider the set of aU quadrics which satisfy the fohowing 
three conditions: (a) they go through the two points q and g, (b) they are non-singular at q 
and q, and the tangent space at these points are V and V respectively, (c) they go trough 
the 8 points {'^i H '^5 | 1 < i < 4}. By dimension counting, these quadrics form a family 
whose dimension is at least 14 — (2 + 2 + 8) = 2. We show that any member Q of this family 
contains the double curves 'rfi for any l<i<5. 'tf^cQis obvious since Q already goes 
through the 8 points (c). For any i G {1,2,3,4}, the intersection Pi (iQ is tangent to the 
double conic at the points q and q from the condition (b). Further, since Q H Pi goes 
through the two points fl ^5 by (c), the conic Q Ci Pi goes through in effect 6 points on 
'ifi, so we obtain = Q f] Pi. Hence the inclusion Q D follows. 

For the case of type IV, we consider the set of all quadrics which satisfy the above 
conditions (a), (b), and the following (c') instead of (c); (c') for each 1 < i < 5, they go 
through a point on '^i which is different from q and q. These quadrics form a family whose 
dimension is at least 14 — (2 + 2 + 5) = 5. Then by considering the intersection Pi n Q, we 
again obtain that 'rfiCQ for any 1 < i < 5. □ 



5.4. Defining equation of the branch divisor. We are ready for determining defining 
equation of the branch divisor of the anticanonical map. As before let TT : CP^ ^ be a 
linear projection, A a conic in the target plane, and Y C CP^ the scroll over A. We know 
that Y is the image of the anticanonical map of the twistor spaces. We fix any homogeneous 
coordinates {zq,zi,Z2) on the above plane such that each Zi is real and that the conic A is 
defined by the equation Zq = z\Z2. 

Theorem 5.6. Let Z he a Moishezon twistor space on 4CP^ which is of double solid type, 
and <I> : Z — 7- y C CP^ the anticanonical map. Then the branch divisor of ^ is an 
intersection of the scroll Y with a quartic hypersurface defined by the following equation: 

(5.12) zoZ3Z4f{zo,zi,Z2,Z3,Z4,) = Q{zq, zi, Z2, Z3, z^f for the case of type I, 

(5.13) zq{zq — zi)z3Z4 = Q{zq, zi,Z2, Z3,Z4)'^ for the case of type II, 

(5.14) zo{zq — zi){zo — azi)z4 = Q{zo, zi,Z2, 23, 24)^ for the case of type III, 

(5.15) ^0(2^0 - zi)izo - aiZi){zo - a2Zi) = Q{zq, zi, Z2, z^, z^f for the case of type IV, 

where f{zQ, zi, Z2,Z3, Z4) and Q{zq, zi, Z2, z^, Z4) are linear and quadratic polynomials respec- 
tively, and a, ai and 02 are real numbers satisfying {0,01,02} n {0,1} = and oi 7^ 02. 
Further, in the cases of type II, III and IV, the conic defined by the equation zq = zi = 
Q{zq, zi, Z2, Z3, Z4) = is reducible. 

Remark 5.7. Before proceeding to a proof, we give a comment about the equations (j5.12p - 
(]5.15p . All the equations are of the form 

(5.16) /i/2/3/4 = Q', deg/i = l, degQ = 2. 

In particular, they are of the same form as the case of 3CP2 obtained by Poon [23] and 
Kreussler-Kurke jl6j . except the number of variables. According to each of the three de- 
generations I ^ II — >■ III ^ IV, exactly one of the four linear polynomials degenerates from 
those with 5 variables zq, zi, Z2, Z3, Z4 to those with 3 variables zq,zi,Z2; geometrically this 
means that the hyperplane (in CP^) defined by the linear polynomial degenerates from a 
general one to those which contains the ridge I of the scroll Y. 
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Proof of Theorem \5.(A First we choose appropriate homogeneous coordinates (zq, zi, ^2, 2:3, 2:4) 
on CP^ for each of the four types. By applying a projective transformation of the plane CP^ 
which preserves the conic A, we can suppose that the point Aj on the conic A corresponding 
to reducible members of |-F| is placed as in the following table: 





Ai 


A2 


A3 


A4 


A5 


type I 


(0,1,0) 


(0,0,1) 








type II 


(0,1,0) 


(1,1,1) 


(0,0,1) 






type III 


(0,1,0) 


(1,1,1) 


(a,l,a^) 


(0,0,1) 




type IV 


(0,1,0) 


(1,1,1) 


(01,1, a^) 


(02, l,a^) 


(0,0,1) 



Here, in the case of type II, a is a real number satisfying a ^ {0, 1}, and in the case of type 
III, ai and 02 are distinct real numbers satisfying {ai, 02} H {0, 1} = 0. Then we have 

(5.17) A n {zq = 0} = {Ai, A2} for the case of type I, 

(5.18) A n {zq[zq — zi) = 0} = {Ai, A2, A3} for the case of type II, 

(5.19) A n {zq[zq — zi)[zQ — azi) = 0} = {Ai, A2, A3, A4} for the case of type III, 
(5.20) 

A n {zq{zq — zi){zq — aiZi)[zQ — 02-21) = 0} = {Ai, A2, A3, A4, A5} for the case of type IV. 

Here we note that for the case of type II, HI and IV the final point (0, 0, 1) is included as 
a multiple point, where the multiplicity is 2, 3 and 4 for the cases of type II, HI and IV 
respectively. 

Next we choose the remaining two coordinates z^ and Z4, as well as a linear polynomial 
/ G C [zo , -21 , 22 , -^3 , -24] in such a way that 

• for the case of type I: (23) = i?3, (24) = and (/) = i/5, 

• for the case of type II: (23) = i?3, (24) = iJ4, 

• for the case of type HI: (23) = 

are satisfied, where Hi-s are the hyperplanes in CP^ found in Section [5.21 which cut out the 
double quartic curves '^i-s. 

Under these homogeneous coordinates, for an algebraic subset X C CP^, we denote by 
Ix C C[2;o, ■ ■ ■ , -24] for the homogeneous ideal of X. Let F = F[zq, ■ ■ ■ , Z4) be a quartic poly- 
nomial which defines a branch divisor of the anticanonical map <I> as the intersection with 
the scroll Y . Obviously F is defined only up to polynomials in the ideal /y C C[zo, • • • , 24] 
of the scroll. Let Q be a defining polynomial of a quadric in CP^ containing all the double 
conies, whose existence was proved in Proposition 15. 4[ Let 'lai C Pj be a double curve 
on B. Then as {F\p^) = 2'ioi = (<5^|pJ as divisors on the plane Pi, there exists a con- 
stant Cj such that F — CiQ"^ G Ip- C C[zq, • • • ,24]. If Cj 7^ Cj for some i / j, we obtain 
(5^ G /p- + Ip . Further the last ideal is readily seen to be equal to Ip-f]p., and therefore 
equals to Ii = (20,-21,-22) C C[zo,--- ,24]. Hence Q G (20,21,22). But this means that the 
divisor {Q\pJ contains /, which contradicts 'ifi (f. I (and '^i C Pi). Therefore c, = Cj for any 
double conies and 

Next let '^i be any double quartic curve. Then since (-FlH^ny) = 2*^4 = (Q^liT^ny), there 
exists a constant q such that F — CiQ^ G iHitiY = (zi) + ly- So taking a difference with 
F — ciQ^ G Ip^, we obtain that (ci — Cj)Q^ G {zi) + ly + Ipi- But since Pi C Y, we have 
/pi D ly, and therefore (ci — Cj)Q^ G (zi) + Ip^. Hence if ci 7^ q we have G (zi) + Ip^, 
which means Q^Ipi G {zi\p^). Since i > 2, this means that the divisor ((5^)|pi contains a line 
(2j) on the plane Pi as an irreducible component, which again contradicts the irreducibility 
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of '^\. Therefore we have c\ = Ci for any double quartic curve '^j. By rescahng we can 
suppose Cj = 1 for any 1 < z < 5. Thus we have 

(5.21) 

F -Q^ e Ip^n n ((23) + ly) n ((^4) + Iy) n ((/) + ly) for the case of type I, 
(5.22) 

F - e n n Ip.^ n ((23) + ly) n ((24) + ly) for the case of type II, 

(5.23) 

F - ^ Ip^r\ Ip^ n n Ip^ n ((2:4) + ly) for the case of type III, 

(5.24) 

F - Q"^ e Ip-i^n Ip^ n Ip.^ n Ip^ n Ip^ for the case of type IV. 

Now for the case of type I, by (j5.17p . we have 

Ipi n = /piUPa = -^{^o=o}ny = (^0) + Iy- 

So from ()5.2ip we have 

(5.25) F-Q^e Pi {(z,)+Iy)n{if) + Iy). 

i=0,3,4 

But it is elementary to see that the right hand side of (|5.25p is equal to the ideal (-20^3-24/) + 
Iy. This directly implies that the equation F of the quartic hypersurface in CP"^ is exactly 
as in (j5.12p in Theorem 15.61 

For the case of type II, in a similar way, using (j5.18p we obtain 

(5.26) F-Q^e fl {{zi) + Iy) n Ip,. 

j=0,3,4 

But clearly Ip^ can be replaced by Ip^ fl Ip^, which is equal to (zq — zi) + Iy. Then we can 
see that the right hand side of (j5.26p is equal to the ideal (2^0(^0 — ^i)-Z3-24) + Iy- This again 
implies ()5.13p in Theorem 15. 6[ 

The defining equations for the cases of type III and type IV can be derived in a similar 
way, by disposing Ip^ and replacing the remaining Ip. by Ip. fl Ip^ . 

It remains to show the final statement concerning reducibility of a conic. For this suppose 
that Z is not of type I and let 'rfi be the (unique) splitting double conic (see ()5.7p - ()5.9p ). 
Then from the table at the beginning of this proof, the equation of the plane Pi is given by 
zq = zi = 0. Therefore from ()5.13p - ()5.15p we have = {zq = zi = Q = 0}. Since this is 
reducible, we obtain the assertion. □ 
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